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| Unit 1 
MATRICES AND DETERMINANTS 


Unit Outlines 
1.1. Introduction to Matrices 
1.2 Types of Matrices 
1.3 Addition and Subtraction of Matrices 
1.4  Miultiplication of Matrices 
1.5 Multiplicative Inverse of a Matrix 
1.6 Solution of Simultaneous Linear Equations 


Students Learning Outcomes 


After studying this unit, the students will be able to: 
* define 


2 a matrix with real entries and relate its rectangular layout (formation) 
with real life, 


® rows and columns of a matrix, 













e the order of a matrix, 
a equality of two matrices. 


* define and identify row matrix, column matrix, rectangular matrix, square 
matrix, zero/null matrix, identity matrix, scalar matrix, diagonal matrix, 
transpose of a matrix, symmetric and skew-symmetric matrices. 


know whether the given matrices are conformable for addition/subtraction. 

add and subtract matrices. 

multiply a matrix by a real number. 

verify commutative and associative laws under addition. 

define additive identity of a matrix. . 

find additive inverse of a matrix. , 

know whether the given matrices are conformable for multiplication. 

multiply two (or three) matrices. 

verify associative law under multiplication. 

verify distributive laws. 

show with the help of an example that commutative law under multiplication 
does not hold in general (i.e., AB # BA). 

define multiplicative identity of a matrix. 

verify the result (AB)' = B‘A‘. 
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define the determinant of a square matrix. 

evaluate determinant of a matrix. 

define singular and non-singular matrices. 

define adjoint of a matrix. 

find multiplicative inverse of a non-singular matrix A and verify that 

AA! =1=A‘'A where | is the identity matrix. 

* use adjoint method to calculate inverse of a non-singular matrix. 

* verify the result(AB) }=B7'A™ 

* solve a system of two linear equations and related real life problems in two 
unknowns using 


“* * *& & 


co) Matrix inversion method, 


% Cramer’s rule. 





Introduction 


The matrices and determinants are used in the field of Mathematics, Physics, 
Statistics, Electronics and other branches of science. The matrices have played a very 
important role in this age of computer science. 


The idea of matrices was given by Arthur Cayley, an English mathematician of 
nineteenth century, who farst developed, “Theory of Matrices” in 1858. 


1.1 Matrix 


A rectangular array or a formation of a collection of real numbers, say 0, 1, 2, 3, 


So aR 
4 and 7, such as; ee and then enclosed by brackets ‘[ ]’ is said to form 
ae pea a 

a matrix 7 “9 / . Similarly 3 4 | is another matrix. 

We term the real numbers used in the formation of a matrix as entries or 
elements of the matrix. (Plural of matrix is matrices) 

The matrices are denoted conventionally by the capital letters A, B, C, ...,. M, N 
etc. of the English alphabets. 
1.1.1 Rows and Columns of a Matrix 

It is important to understand an entity of a matrix with the following formation. 
Ri Tp matrix A, the entries presented in horizontal 

way are called rows. 


In matrix A there are three rows as shown by 


2 
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In matrix B, all the entries presented in 
vertical way are called columns of matrix. 
Matrix B has three columns as shown by C,, 


C, and C,. 





2 3 
— B=] [0 | 
3 2 
es. MC 


gone 


It is interesting to note that all rows have same number of elements and all 
columns have same number of elements but number of elements in rows and columns 
may not be same. 

1.1.2 Order of a Matrix 


The number of rows and columns in a matrix specifies its order. If a matrix M 
has m rows and n columns, then M is said to be of order m-by-n. For example, 


hited 
-| 0 ‘ is of order 2-by-3, since it has two rows and three columns, whereas 


| 
L:e2 «3 
the matrix N=}-1 1 OJis a3-by-3 matrix and P=[3 2 5 ] is a matrix of order 
<a oe Baie i 


1-by-3. 
1.1.3 Equal Matrices 


Let A and B be two matrices. Then A is said to be equal to B, and denoted by 
A = B, if and only if; 
(i) the order of A = the order of B 
(ii) their corresponding entries are equal. 


Examples 

; ue 1 2+1 

is: AS ay 4 and B = Sp cs are equal matrices. 
We see that: 


(a) the order of matrix A = the order of matrix B 
(b) their corresponding elements are equal. 


Thus A=B 
2 2 3 
in) io © : | and M = ee ' are not equal matrices. 


We see that order of L = order of M but entries in the second row and second 
column are not same, so L + M. 
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ae 2 - 
(iii) P= a ad and Q= ts : : are not equal matrices. 


We see that order of P # order of Q, so P# Q. 


EXERCISE 1.1 
1. Find the order of the following matrices. 
Spe 2.019 | 
ici mes Cig) age 


+ x 
pe | 0, =| e |. F=[2] 
6 Casto 


2 3° 0 
2 Be NA 
| 2 a H=| j . Hig 


(ae ae: 
2. - Which of the following matrices are equal? 
A=[3], B=[3 5], C=[5-2], 
thai 2 

D=fsSe3 h E=|¢ 5 F=| ¢|. 
3-1 au) 

at oir |, H=| 6 a l={3 eye 

abe ae 

~ | 2+4 240 


3. Find the values of a, b, c and d which satisfy the matrix equation 
GC 4 GtAD Lo lOc xd 
c-1. 4d-6} |3 2d 
1.2 Types of Matrices 
(i) Row Matrix 
A matrix is called a row matrix, if it has only one row. 
e.g., the matrix M=[2 -1 7]isarow matrix of order 1-by-3 and 
M=[1 -—1]is a row matrix of order 1-by-2. 


(ii) Column Matrix 
A matrix is called a column matrix, if it has only one column. 
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2 
b.2.5 M= ‘i and N = | 0} are column matrices of order 2-by-1 and 3-by-1 
l 
respectively. 
(iii) Rectangular Matrix 


A matrix M is called rectangular if, the number of rows of M is not equal to the 
number of columns of M. 


12 7. 
| b 
es wey Myghtpe |" " “T. cof 2 3) and Del staal 
¥ 3 aay 0 


rectangular matrices. The order of A is 3-by-2, the order of B is 2-by-3, the order of C 
is 1-by-3 and order of D is 3-by-1, which indicates that in each matrix the number of 
rows # the number of columns. 

(iv) Square Matrix . 


A matrix is called a square matrix, if its it of rows is equal to its number 
of columns. 


1 ZR 5 
C2, A= fs Hi B= |-1 O -2)] and C= [3] are square matrices of 
mts Sas gens, 
orders, 2-by-2, 3-by-3 and 1-by-1 respectively. 
(v) Null or Zero Matrix — 
A matrix M is called a null or zero matrix, if each of its entries is 0. 
0 0 0 


e.g., k a; lo ol}, HE b ; § and |0 0 O 


let 4 Aa 
are null matrices of orders 2-by-2, 1-by-2, 2-by-1, 2-by-3 and 3-by-3 respectively. 
Note that null matrix is represented by O. 
(vi) Transpose of a Matrix 


A matrix obtained by changing the rows into columns or columns into 
rows of a matrix is called transpose of that matrix. If A is a matrix, then its transpose 


is denoted by A‘. 
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ies a aoe 
6e.. Gin Abn iA) 25Hhs 40 , then Ai=|2-1 14 
rls 3.0: -2 
ae 
i NS a. 
Hi oR Bs , then B=|0 +3 
ge ieee 
Dr xg 
(ii) If C=[0 1] , then c=|9 |. 


If a matrix A is of order 2-by-3, then order of its transpose A’ is 3-by-2. 
(vii) Negative of a Matrix 


Let A be a matrix. Then its negative, —A is obtained by changing the signs of all 
the entries of A, 1.e., 


PZ —] 2 | 
if A=| 3 7 |. then A= | oo a 
(viii) Symmetric Matrix 
A square matrix is symmetric, if it is equal to its transpose i.e., matrix A is 
symmetric if A‘ =A. 


be ee 
e.g.,(i) If M=]2 -1 4] is a square matrix, then 
S44 0 
eo LS 
M=|2 -1 4] =M. Thus Mis asymmetric matrix. 
3 1 °4."0 
a 2 ee 
Gi) aaf- A= |—1 2° 2), then A= |." 2. Lie A 
5. tS AwAyoy iB 


Hence A is not a symmetric matrix. 
(ix) Skew-Symmetric Matrix 


A square matrix A is said to be skew-symmetric, if A‘ = —A. 
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miniskirt tn a) | 


OF 2x63 
@.2., if A=}-—2 0 1], then 
+3 HAO 
Se ee 0 plied Oatl 2038 
A= }20 v Que] [= feGe22) Qruse] -| = 0 i |= 
PEs BEE eee Sesser Oe 


Since A‘ = —A, therefore A is a skew-symmetric matrix. 
(x) Diagonal Matrix 


A square matrix A is called a diagonal matrix if atleast any one of the entries of 
its diagonal is not zero and non-diagonal entries are zero. 


ri 0 BAT: 70 0). Ue. 8 
é.g,A=|0 2 0|,B=/0 2 OlandC={|0 1 0} areall diagonal 
0 ;0F 3 ae | ee O D8 


matrices of order 3-by-3. 


256 ee 
M= . 8 and N = * are diagonal matrices of order 2-by-2. 


(xi) Scalar Matrix 
A diagonal matrix is called a scalar matrix, if all the diagonal entries are same 


k 0 O 
and non-zero. Forexample|0 k 0 | where kis aconstant + a 
0 Ok 
Zz.’ O40 eG 
AlsoA=|0 2 O|,B= fs . and C =[5] are scalar matrices of order 
0.8 ~Z 


3-by-3, 2-by-2 and 1-by-1 respectively. 
(xii) Identity Matrix 


A diagonal matrix is called identity (unit) matrix if all diagonal entries are 1. 
It is denoted by I. 


0.2) a= 


oOo oO -_ 
OG  — © 


0 
0 is a 3-by-3 identity matrix, 
| 
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and 


1 O 
B= \ 4 is a 2-by-2 identity matrix, 
C=[1] | is a 1-by-1 identity matrix. 


Note:(i) The scalar matrix and identity matrix are diagonal matrices. 





(ii) Every diagonal matrix is not a scalar or identity matrix. 


EXERCISE 1.2 


From the following matrices, identify unit matrices, row matrices, column 
matrices and null matrices. 


a=[o oh Bee 3 ca fol, 


i: 


p=| 4 ey E=[0], F 


From the following matrices, identify 


(a) Square matrices (b) Rectangular matrices 
‘(c) Row matrices (d) Column matrices 
(e) Identity matrices (f) Null matrices 
ODO : 
: =! Re 0 tie 6 -—4 
w) 12 0 - o : ge F / 
| 1 0 : 
w |p 4 (v) 3 4 (vi) [8 10 -1] 
3. 6 | 
1 | 2143 0 0 
(vii) |0 (viii) |-1 2-0 (ix) |9 0 
0 0° 6°4 0 0 


From the following matrices, identify diagonal, scalar and unit (identity) 
matrices. 


4 0 2 O ie 
A=| ra B=| vk c=| 4 4 


. \ 


4-0 ee mele 
D=| 9 ae E=| 0 ie 
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4. Find negative of matrices A, B, C, D and E when: 


»[S]ef thes 
mre a4 coca ba 


5. Find the transpose of each of the following matrices: 


0 YeNe 
2 3 0 


p=[o 5} B=[4 5]: Fels 4] 
6. Verify that if A= | ‘L.B=| 5 » | then 
(i) (AY =A Gi) (BY =B 


1.3 Addition and Subtraction of Matrices 
1.3.1 Addition of Matrices 

Let A and B be any two matrices with real number entries. The matrices A and 
B are conformable for addition, if they have the same order. 


2 — + ae 
t.z., Az 1 : 4 and B = : ; ud are conformable for addition. 
Addition of A and B, written A + B is obtained by adding the entries of the 
matrix A to the corresponding entries of the matrix B. 
aes Sa, —2 3 4 
oh 


eg, AtB=| 4 0 6 i oa 4 


a Oy 3+3 dia FP 6 . 
~ | L+1 O21 Gea Ty tre 2 Fo 


1.3.2 Subtraction of Matrices 


If A and B are two matrices of same order, then subtraction of matrix B from 
matrix A is obtained by subtracting the entries of matrix B from the corresponding 
entries of matrix A and it is denoted by A —B. | 


3. added or 2 ‘Lg | 
eg, A=| 4 5 5 | andB=| | 4 3 | are conformable for 


subtraction. 
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| 2 38 eS 6 
ie, A-B=| j 5 o1-|-1 4 a 


¥ 2—0 3-2 4-2 | rs & eee ae 
e Lee See ORS heed ced 
Some solved examples regarding addition and subtraction are given below. 





eS rae Oo. 5 4 
(Q) EH. A={0.-f 3 and B=;1 -1 2], then 
ges > —2 7 
.. ae ee 
A+B =|0 <ky 3ipk|1. -1;2 
ee AP oe a wah 


1+0 2+3 7+4 
O+1 -1+(-l1) 3+2 


bP ae EI 
AQ end 1+7 PSC 8 
0 


and weterbtetnse 1 Ff 4 | Spey ey 
we Od > gen ak 
(40, BR FAA A eed og 
=(O-t +1 “329941 31. 900; bE 
7S ye ee ee 
19 ximifig Sritg 
(O° ae eat] 3 and B=j/1 -2], then 
6.3 3 4 
: 2) ee ix? 2431 13-5 
~ Pe B= |ok Sie lb vee pemceees ees lela. ck 
(i Sh ee ia Oa surat 13" G 


b-i2 nee a vee | 
and A=—B=/|-~1-1° 34+2t=|-27 -4 
O35 2-4 a3: 9 


Note that the order of a matrix is unchanged under the operation of matrix addition 
and matrix subtraction. 
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1.3.3 Multiplication of a Matrix by a Real Number 


Let A be any matrix and the real number k be a scalar. Then the scalar 
multiplication of matrix A with k is obtained by multiplying each entry of matrix A 
with k. It is denoted by kA. 


1 -1 4 
LetA=} 2 -1 0} bea matrix of order 3-by-3 and k = —2 be a real number. 
a Fe 
Then 
kA =(-2)A 


1 -1 4] [ Qa) HCD 2H] f-2 2-8 
=(-2)} 2 -1 O}=/ (-22) (2-1) (-2)0)|=|-4 2 0 
his i 2q Le DED} C2QGY 2e@) 2-6 +4 
Scalar multiplication of a matrix leaves the order of the matrix unchanged. 
1.3.4 Commutative and Associative Laws of Addition of Matrices 
(a) Commutative Law under Addition 


If A and B are two matrices of the same order, then A + B = B + A is called 
commulative law under addition. 


2 BD wu aT 
Let A= | 6 | pe | - 4 | 


thst 4 2 -4 


+ ee | y= =2 5 
en A+B = | 6 f+ - 4 | 
Some 8 eon 4 2 -4 
23 23-2. 025 5s Al 5 
| 5-1 64+4 i+ | -|4 10 2 | 
2A+4. 142 3-24 a oes | 
Similarly 
3 2 5 2 pe 10 ie oe 5 
Bea =| - 4 J+[e 6 1]-[s 10 t 
4 2 —4 2 Yn GO 3 2-1 


Thus the commutative law of addition of matrices is verified: 
A+B=B+A 
(b) Associative Law under Addition 


If A, B and C are three matrices of same order, then 
(A+B)+C=A+(B+ C) is called associative law under addition. 
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0 Bre 2: dS 

| .B= a 4 | and C = 

3 4 2 -4 

MR Si Sek 

Sa i |+| 4 1 

Tes 4 2 —4 

+ ] 
2 


3 3-2 O+F5 
5-1 6+4 ist | + | - 


2+4 1+2 3-4 


5 3 
2|+|-2 0 
—| la a2 

2 


2H 

Let A= a 6 

2 

then (A+B)+C= (| 
r 


] 
A+(B+C)= 
Thus the associative law of addition is verified: 

(A+B)+C=A+(B+C) 
1.3.5 Additive Identity of a Matrix 
If A and B are two matrices of same order and 
A+B=A=B+A 
then matrix B is called additive identity of matrix A. 


For any matrix A and zero matrix O of same order, O is called additive identity 
of A as | 


wWUnn NUNN NUWY oe ed 


II 
es wees 


A+O=A=O+A 


pee 
eg.let A= | 3 5 | and O= | 9 iq 


At. 2 0 O tae 
then A+0=| 3 itl} ‘¥ a 5 |=A 


gens [S.S]et3]-(2 3] 
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1.3.6 Additive Inverse of a Matrix 
If A and B are two matrices of same order such that 
A+B=O=B+A 
then A and B are called additive inverse of each other. 
Additive inverse of any matrix A is obtained by changing to negative of the 
symbols (entries) of each non zero entry of A. 


1 2 l ; 
Let A= QO» 4] -] 2 | F 
3 l 0 | 
| z 1 —l —2 «<4 
then B=(ay=-| 0 —] 2 = 0 ] 2 
3 ] —3 -4] 0 
is additive inverse of A. 
It can be verified as 


l 2 | —] —] 
arpa [0 —] a}e| 0. 0 2 
—3 0 


QM+Cl @2+C2) ()+Ch 0 0 
0+0 (-1)+(1) 8) =| 0 0 | 20 


: 


(3)+(-3) (1)+@€1) 0+0 


| 
canine 
| 


(-1)+(1)  (-2)+(@) ES 9% | ae | ae 
G. 9. .°0 | =O 
© -) 


B+A 


0+0 (1)+(-1) (2)+(-2) 
(—3)+(3) (-1)+(1) 0+0 

Since A+B=O=B+A 
_ Therefore, A and B are additive inverse of each other. 


EXERCISE 1.3 
1. Which of the following matrices are conformable for addition? 
age 
a=| 4 he B= 3 ria Be eee Sa 2+1 
+ 3 es age 3 


3 2 
E=/ 7] sar ie 4 | 
34+2 2+1 
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2. 


Find the additive inverse of following matrices. 
i O01 

a=|5 1}: p= | 2 ie a c=| 4]. 
ae) eee | 


[3 3] eh fe a] 


ot 3 1 L293 
lf A= . B= 4G= ff ~4+ 2) , fie , then find, 
a —] -1 0 2 


Gi) A+ ; ‘ (ii) B+ iB . @iil) C+425 1.3] ; 
01 0 . 

(iv) D+ ay ty (v) 2A (vi) (-—1)B 

(vii) (—2) C (viii) 3D (ix) 3C 


Perform the indicated operations and simplify the following. 


o(G Dt bb at: 


I i233 | ae | 
Gui) (23 11+([1 Or2)-—[222 2]9 Gy) W—b 1g —l ie? 2 


Wm = 


seh DOP PRS 
ir: DieR 1 O -2 | ae iP 1 fl \ 
(v). |2 3 1/+|-2 -1. 0 (Dll ii*l1 0 4 
5 2 0 2--1 
Po igs 2 12 eP 7: 0 0 
For the matrices A=|2 3 1/,B=|2 -—2 2] andC=| 0 -—2 3 
1 -1 0 eek. 3 ' tee Bre 
verify the following rules. 
Gi) A+C=C+A ii) A+B=B+A 
iii) B+C=C+B (iv) A+(B+A)=2A+B 


(vy) (C—B)+A=C+(A-B) (vi) 2A+B=A+(A+B) 
(vii) (C-B)—A=(C-—A)-B (viii) (A+B)+C=A+(B+C) 
(ix) A+(B-C)=(A-C)+B (x) 2A+2B=2(A+B) 
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ie 4 Oi 37 
an “| and B= os al find (i) 3A — 2B (ii) 2A‘ — 3B¢. 


| 
* i 2| 3 21*3l 4 “Al 


Se > fA 
iS MY | , then find a and b. 


8. fA=| 4 a B=| 4 9 |» then verify that 


(i) (A+B)'=A‘+B' (ii) (A-B)=A‘'-B' 
(iii) A+ A‘ is symmetric (iv) A-—A‘is skew symmetric 
(v) B+B'is symmetric (vi) B-B'is skew symmetric 


1.4 Multiplication of Matrices 


Two matrices A and B are conformable for multiplication, giving product AB if 
the number of columns of A is equal to the number of rows of B. 


dead 4 
e.g., let A= 3 0 | and B= i . Here number of columns of A is equal 


_ to the number of rows of B. So A and B matrices are conformable for multiplication. 
Multiplication of two matrices is explained by the following examples. 


cS | 


=[1x2+2x3 1x0+2x1J=[2+6 0+2]=[8 2], 
is a 1-by-2 matrix. 


Gi) IfA=[I 2 and B= | 2 1] then AB =f a; x 


re ] 3 es, 
(11) IfA=| 5 s]me- 3 2 , then 


ae" eee ] 1x(—1)+3x3 1x0+3x2 
Fron age 2(-1)+(-3)(3) 2x0+(-3)(2) 
= ne 008). bf 2 , is a 2-by-2 matrix. 


1.4.1 Associative Law under Multiplication 


If A, B and C are three matrices conformable for multiplication then associative 
law under multiplication is given as 


(AB)C = A(BC) 


¢ acl Bepak® | dc 2 2] 
€.g., 1 a »>D= = ’ 
5 441.10 a El eG a, 
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L-ELS. = Be (0 


p Sapo 
-1 0 
2X0+3x3 2x1+3x!l para 
-1x0+0x3 -1x1+0xI1}/-1 0 
2+3 2 2 
[es sell —] “i os 
9 _[9x2+5x(-0 9x2+5 x0 
78 ~10x24+(- 1)x(-1) 0x2+(-1)x0 | 


18-5 18+0 13 18 
; 1 O+1 (OPO Pere 
DBpro): | 2° 2 
rio SABC) = 
= oll aa. 
2 3||0x2+1x(-1) Ox2+1x0} | 2 3)/-1 0 
}-1 3x2+1x(-l) 3x24+1x0] —1 O|}] 5 6 
2(-1)+3x5 2x0+3x6 4) —2+15 0+18 | 
(—1)(-1)+0x5 -1x0+0x6} | 140 0+0 


13 18 
eB Fa* (AB)C 
The associative law under multiplication of matrices is verified. 


1.4.2 Distributive Laws of Multiplication over Addition and Subtraction 


(a) Let A, BandC be three matrices. Then distributive laws of multiplication over 
addition are given below. 


(i) A(B+C)=AB+AC (Left distributive law) 
ii) (A+B)C=AC+BC (Right distributive law) 


Te 


Piatra (pianet 2 ue spear 
Let A=| qe B= | 3 4 and C=| 5 |» then in (i) 
L.H.S. = A(B+C) 


“Le oll ea ol)=Ls als 
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LL LLLLDLLDDDDL LLL LLL 


(b) 


2X2+3xX2 2x3+3x!l1 
i s\l2 Pr eadhiae tehot 
4+6 6+3 10 9 
fae bol” es - 


R.H.S. = AB + AC 


2.2 2x12 
“Lat os alt alla of 
2x0+3x3 2X1+3xX1| | 2x24+3x(-1) 2x2+3x0 
-| —1x0+0x3 eam —1x2+0x(-)) Pry agi 


bes af 9+1 5+4 10.-.9 
_ ; + = = ='/LHS: 
eo -ta al-be2 ala 4 
Which shows that | 
A(B + C) = AB + AC; Similarly we can verify (ii), 
Similarly the distributive laws of multiplication over subtraction are as follow. 
(i) A(B-—C)=AB-AC Gi) (A-B)C=AC-BC 
» a -1. 1 PEN ches 
Let A= | of B= | 1 a and C= | j 1 |> then in (i) 
L.H.S. = A(B — C) 
=o 1/1 ol-[t 2) 
in) x) he BY Oe LE. 2 
“Loar ol alls 4] 
7 1 1-1] 0-2 VL Oe yet 0 -2 
| eee 2(0)+3(-2) | 


(0)(-3)+1x0 . Ox0+(1)(-2) 
=| Oe BIS leh | 
0+0- “042 C2 
R.H.S. = AB-— AC 
bs clohsbi is ohcs at cash} oie 
2(-1)+3(1) 2(1)+3(0) 2x2+3x1l 2x14+3x2 
mag abe a atey P| oxoevs cour cal 


a ol-[t al ich Gcal4bS ole 


on 
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which shows that 
A(B — C) = AB — AC; Similarly (ii) can be verified. 


1.4.3 Commutative Law of Multiplication of Matrices 


O 8 l 
Consider the matrices A= and B= , then 
pe ‘| b 
{ 0. 2 tek 2 @ r] Ox1+1x0 0Ox0+1(-2) « 0 -—2 
12) 310-421 xt+3K0. 2x045(—2)!| 0] 21-6 
i? wire 2 1x0+0x2 1x1+0x3 | aes | 
and BA = =| = 
0 —2|;2 3 0x0+(-—2)x2 0Ox1+3(-2) —4 -6 


Which shows that, ABBA 
Commutative law under multiplication in matrices does not hold in general 1.e., 


if A and B are two matrices, then AB # BA. 
- Commutative law under multiplication holds in particular case. 


2 0 —3'0 
eg.,if A=, a and B = aoe , then 


: Lo 4 

AB 

ee 

2x(-3)+0x0 2x0+0x4 46 0 
0x(—3)+1x0 Ox0+1x4 =| 


0 alot 


—3x2+0x0 -3x0+0xl -—6 0 
7 :Ox244x0 SOxOF4x1 1 71%9 4 
Which shows that AB=BA. 


1.4.4 Multiplicative Identity of a Matrix 
Let A be a matrix. Another matrix B is called the identity matrix of A under 


multiplication if 


and BA 


AB=A=BA 
lz, 2 a. 40 
If A=| 41 BEKO 1 | then 
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AB = | 4 tb 1 {=| 1x1+2x0 1x04+2x1 
~ | QO..-3 0 1] {£0Ox14+(-3)x0 0x04+(-3)(1) 
=| 4 
~'@ <3 
BA= [4 Nis 4 . * ace 1x2+0x(-3) | 
~ t Oot -f O...3).- 1 Ox14+1x0 0x2+1x(-3) 
J 


(i 
ae a 
Which shows that AB = A = BA. 


1.4.5 Verification of (AB) =B A 
If A, B are two matrices and A‘, B' are their respective transpose, then 
(AB) =B'A‘. 


Be | Ps 
eg., A= and B= 
Q -l —2 0 


L.H.S. = (AB) 
_ff2° 1 1 St¥ Of axbe x2) 2&3+1x0 T 
~ {10 -11/-2 O01)  |0x1+(-1)x(-2) 0x3+(-1)x0 
_ [2-2 '6+0]7' [fo 6] [fo 2 
- 10+2 1040] ~ 12). Odd). | 6.0 
R.H.S.=B' A‘, 
4 Re CO oT fe aPaPL t2 
=f x -|; a “en * e 0. =|3 ‘a 


a, 1 -2][2 0] [1x2+(-2)x1 1x0+(-2)(-1 
S63 OTE Seb) SD Ode 3x OHO) 


2-2°072)] [0 2 
- - =LHS. 
we ae % ‘ 


Thus (AB) =BA. 
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EXERCISE 1.4 
1. | Which of the following product of matrices is conformable for multiplication? 


fas) o [ale a 
(iii)  ceddeue ‘| | (iv) | 0 siE p a 
wi 1s “fee nit ae | 


2. IfA= tole 5 | B= oi find (i) AB (ii) BA (if possible) 


3. Find the following productg. 


4 5 re 4 
(i) {i 2] 9 Gi) {1 7 ae (iii) [-3 al 6 | 
4 rd oe 4 5 
(iv) [6 —O] (v) —3 QO b 4 
6 -1 
4. Multiply the following matrices. _ | 
: SBE. Rd aes 
2. ee ] 
ay. er 4 ? i (b) lege ? 34 
0 ~2 x -l'd 
m3 I Las | b 7 2 2 
(c) 3 4 : | (d) | | 
4 ae she 


[7 Ifo 
¥ 1 3l|0 o | 
§. LetA=|~5 3 [Bad _s ef and C= | j 5 |- Verify whether 
nie AR = BA. | (ii) A(BC)=(AB)C 
(iii) A(B+C)=AB+AC (iv) A(B-C)=AB-AC 
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6. For the matrices 
—j -3 ] 2 —2 6 
a=| 5 0 | t. 3 3): c= | Bees 
Verify that (i) (AB)'=B'A‘ (ii) (BC)'=C'B“. 
1.5 Multiplicative Inverse of a Matrix 
1.5.1 Determinant of a 2-by-2 Matrix 


Let A= | ft ? | be a 2-by-2 square matrix.The determinant of A, denoted by 
det A or IAI is defined as 3 








a 6 A475 

IAl = det A= det | 4 Ae X, =ad—bc=XER 
SC 

eS 

e.g, LetB=|_) oh 
b bil | 
Then IBI = det B = | oer | =1x3-(-2)(1)=342=5 
. fA) % 6 

If M=| 3 S| then det M = | 1 3 | =2x3-1x6=0 


1.5.2 Singular and Non-Singular Matrix 


A square matrix A is called singular, if the determinant of A is equal to zero. 
1.e., [Al = 0. 


0 


A square matrix A is called non-singular, if the determinant of A is not equal to 
zero. i.e., IAl #0. 


Sieh tal Hoe Taw 
For example, A = 0 is a Singular matrix, since det A= 1x0-0x2=0 


t> 1 | 
For example, A = P | is non-singular, since det A= 1 x 2-—0x1=2+0 


Note that, each square matrix with real entries is either singular or non-singular. 


1.5.3 Adjoint of a Matrix 
a 
Cc 


diagonal entries and changing the sign of other entries. Adjoint of matrix A is denoted 
as Adj A. 


Re b|., 
Adjoint of a square matrix A = d | is obtained by interchanging the 


i.e., Adj A= | : ~) 


seat a 
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i 2 ve 
eg.if A=| ; 5 | then Adj A=| 3 ¥ 
2 


—] —-4 1 
if B= | 3 }, [othen AdjB= | 75 _| 


1.5.4 Multiplicative Inverse of a Non-singular Matrix 


Let A and B be two non-singular square matrices of same order. Then A and B 
are said to be multiplicative inverse of each other if 


4 o Inverse of Identity 
ie esielin'e matrix is Identity 
The inverse of A is denoted by A” , thus matrix. 
AA =A A=] 





Inverse of a matrix is possible only if matrix is non-singular. 


1.5.5 Inverse of a Matrix using Adjoint 
Let M = q : | be a square matrix. To find the inverse of M, i.e., M” ; first 


we find the determinant as inverse is possible only of a non-singular matrix. 








IMi= | @ : =ad—be#0 
| oa . 1 Adj M 
and Adj M=|_ ? | then M = MAI 
2S 
eg.LetA=| 4 3 |-Then 
7 eek 
IAl = | asjaaieil | =-6—(-1)=-6+1=-540 
ey | ie Ma 
5 5 
ee SA a eee 
Zhe: ae 
5 5 
a 6 1 22 
ici 5 P15 575 5.5 
= a 
and AA =| 1 aT = 
a oe Sigg emg 
a Om 9 ee ee ele 
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1.5.6 Verification of (AB) = B™ A 
| x +] Q -l 
Let A = and B = 
-]1 0 : eed 
Then det A = 3x0 — (-1)x1 = 140 
and det B =0x2—-3(-1) =3 +0 


Therefore, A and B are invertible i.e., their inverses exist. 
Then, to-verify the law of inverse of the product, take 


‘uae is 3 11:0 -!1 “4 3x04+1x3 = 3x(-—1)+1x2 
~{-1 0/13 2] |-1x0+0x3 -1x(-1)+0x2 
aca 
3 
0 


=> det (AB) = | -# 


1 | =3+#0 


a ps oy 4 
and « L-HiS.=(AB) += — =| 3 
310 3 0 


bet OD | ee 


4 O Ki 
RH.S< BA”, where Bo! = — ata! 
3/-3 0 Hi i3 


—1f 2 1)1f0 -1]) 17 2x0+1x1 © 2x1) 41x3 
3/-3. OJ 1,1. 3} 3|-3x0+0x1 -3x(-1)+0x3 


POST Saypsy’ OFT pl qrpagebs & ig 
=— = — =|3 3 = (AB) 
3} 0 3 30-3) 15° 5 


Thus the law (AB) = BA is verified. 


EXERCISE 1.5 
1. Find the determinant of the following matrices. 
’ -] | i, L 33 
(i) A=|5 4 (ii) B= | fie 


(iii) c=| 3 2 (iv) D=|; a 
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2 a al 


2. Find which of the following matrices are singular or non-singular? 
3i 5 a 4 1 
(i) a=|5 4 (11) B=| 3 | 
rs 7 -9 5 -10 
(Hi. tS iz 5 | (iv) D= 3 4 


3. Find the multiplicative inverse (if it exists) of each. 


uid v0 be fate Seah bveh 
aoe Te ee, Seem 


14.3 
(iii) C = - A (iv) D = [2 ‘| 
ae 1 ike 
‘Ms eee 
4. if A=| 4 < | and B= | 5 |» then 
(i) A(Adj A) = (Adj A) A = (det ADI (ii) BB} =I1=B7'B 


5. Determine whether the given matrices are multiplicative inverses of each other. 
; ihe ica 7-5 3 ioe aia 
(1) iy 5 | ana | 4 ad a) 2 5 | and | “if 


4 0 —4 -2 ae 
6. A=| + | Bal 4 f).p-3 5 |» then verify that 


(i) (AB)! =B7!A7! (ii) (DAy!=aA'D! 


1.6 Solution of Simultaneous Linear Equations 
System of two linear equations in two variables in general form is given as 
ax+by=m 
cx+dy=n . 
where a, b, c, d, m and n are real numbers. 
This system is also called simultaneous linear equations. 
We discuss here the following methods of solution. 
(i) Matrix inversion method 
(ii) Cramer’s rule 
(i) Matrix Inversion Method 
Consider the system of linear equations 
ax+by=m | 
cx+dy=n 
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tee [fa lly lee 





or AX=B 
a. & x m 
where A= pear X= = | and B= |" 
or X =A Be : l|Al = ad — be 
i ol 
ct oe Fo EY a a 
Al | |Al 
meas Ted 
x — a i 
a me ad — bc 
dm — bn 
4 ad — bc 
™ —cm+an 
ad — be 


_ dm —bn q _an-—cm 
+ debe: YT hee 








re 


(ii) Cramer’s Rule 


Consider the following system of linear equations. 





ax+by=m 
cx+dy=n 
We know that 
AX=B, where A= | @ 7 | X=([%| anaes |” | 
Crd y n 
or X=A™'B or x ahd son 
|Al 
ae Ki ilpe Voonetioae 
> | a a n —cm +an 
ef Ye heae [Al a Al 
dm — bn 
|AI 
3 —cm +an 
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; ane 
oe A eee 


m 


b am 
where IAJ= | , a4 and IAJ|= | saciid 








Example 1 
Solve the following system by using matrix inversion method. 
4x -—2y=8 
3x+y =-4 


Solution 
4 —2||x 8 
Step 1 ~ 
a «el Wy —4 
Step 2 The coefficient matrix M = 5 4 is non-singular, since 


det M = 4x1— 3(-2) = 4+ 6 = 1040. SoM" is possible. 


sors [|e )tol-s all 
: ie a A i alo =| 4 ; 
> 45) = Ba 


=>  x=0 and yo-4 
Example 2 
Solve the following system of linear equations by using Cramer’s rule. 
3x-2y =1 
—2x + 3y=2 
Solution 
3x-—2y =1 
—2x + 3y=2 
We have 


3 ee 1 —2 : 3.4 
Ce rubet ha 5 SST - 


a 
Al = | 9 : | =9-4=5+#0 (Ais non-singular) 
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ee. 
IA! E 3 344 7 
“[AL~  — -S. ok Sees 
Srey 
IA, | 2 > | 6r2" 8 
7 TAl Bete saw 5 


Example 3 


The length of a rectangle is 6 cm less than three times its width. The perimeter 
of the rectangle is 140 cm. Find the dimensions of the rectangle. 

(by using matrix inversion method) 
Solution 

If width of the rectangle is x cm, then length of the rectangle is 

y=3x-6, 
from the condition of the question. 
The perimeter = 2x + 2y=140 (According to given condition) 


Sow Se Si ieminse oT (ADiWy Bt 2seni) Db ei sleneine: & Yn. (i) 
and 3x-—y=6 ri) 70 28OTRNSIMD Sm DA (ii) 
In the matrix form 


ae i) a - 70 
3 -l1]/ y “| 6 
1 ] | 1 ] } 
det é ne 3 a | = Ix(-1) -3 x1 =-1-3 =-4#0 
We know that 


NiedABrotlandsqnAnieeees 


|Al 
Hence x oy —] ses 70 
y| —-4/-3 11] 6 
16 


k: trove" al al me Hi 
4{-210+6] 4 [-204] | a4} LS! 
4 


Thus, by the equality of matrices, width of the rectangle x = 19 cm and the 
length y = 51 cm. 


Verification of the solution to be correct, i.e., 
p= 2x19 + 2x51 = 38 + 102 = 140 cm 
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(1) 


(il) 


Also y= 3(19) -6=57-—-6=51 cm 


EXERCISE 1.6 


Use matrices, if possible, to solve the following systems of linear equations by: 
(i) the matrix inversion method (ii) the Cramer’s rule. 


(i) 2x-2y=4 (i) 2x+y=3 
3x + 2y =6 | 6x + Sy = 1 
(ii). 4x+2y=8 (iv) 3x-—2y=-6 
3x-y=-1 3x — 2y =-10 
(v) 3x-2y=4 (vi) 4x+y=9 
—6x+4y=7 —3x.— y=-5 
. (vii) 2x-2y=4 (vill) 3x-—4y=4 
—5x —-2y=-10 x+2y=8 


Solve the following word problems by using 
(1) matrix inversion method (ii) Crammer’s rule. 


The length of a rectangle is 4 times its width. The perimeter of the rectangle is 
150 cm. Find the dimensions of the rectangle. 


Two sides of a rectangle differ by 3.5cm. Find the dimensions of the rectangle 
if its perimeter is 67cm. 

The third angle of an isosceles triangle is 16° less than the sum of the two equal 
angles. Find three angles of the triangle. 


One acute angle of a right triangle is 12° more than twice the other acute angle. 
Find the acute angles of the right triangle. 


Two cars that are 600 km apart are moving towards each other. Their speeds 


1 
differ by 6 km per hour and the cars are 123 km apart after 45 hours. Find the 


speed of each car. 


REVIEW EXERCISE 1 
Select the correct answer in each of the following. 
The order of matrix [2 1] is ......... 
(a) 2-by-1 (b) 1-by-2 
(c) 1-by-1 _  (d) 2-by-2 

nf 2ieO =). | | 
0 2 £8 Called’... matrix. 

(a) zero (b) unit 
(c) scalar (d) singular 


(iii) 
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: 29%. 
Which is order of a square matrix ......... 
(a) 2-by-2 (b) 1-by-2 
(c) 2-by-1 (d) 3-by-2 


(iv) 


(v) 


(vi) 


(vii) 


a 
Order of transpose of Sea | pel fers 
#oe2 





(a)  3-by-2 (b) 2-by-3 
(c) 1-by-3 (d)  3-by-1 
Adjoint of : ft ag 
Pi, ECA | 1. =2 
(a) | 0 1 | | (D) “ | | 
—| ps -1 0 
(c) + es | (d) 9) l | 
Product of [x ‘y] a | 1 fhe Beige 
(a) [2x+y] (b) [x-2y] 
(c) [2x-y] | (d) [x+2y] 
If | Ri, Fi. 0. th 
3 x | =9, then xis equal to)........ 
(a) 9 | (b) -6 
(ce) 6 (d) -9 
(wii) If X+ | tad ee 1 {then X is equal to 
. 2 G52 
(a): a tt (b) 7 hae, | 
7 a 2 ws 
(c) 9°39 (d) | i 3 | 
Complete the following: 
(1) ; | ; is-called \.225)..% matrix. 
(11) : ; | iS called POOR SS matrix. 


(iii) Additive inverse of r = ey octg: 


eee eeeenenee 
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(iv) In matrix multiplication, in general, AB ......... BA. 
(v) Matrix A+B can be found, if order of A and Bis.......... 


(vi) A matrix is called ......... matrix, if number of rows and columns are 
equal. 


+3 4 ae 4 
ae fee yy | ee > |» then find a and b 


4. Tf A= Pe / eS se | , then find the following. 


I 
> 
lta 
Nm 


| 
G) 2A+3B (ii) -—3A+2B 
Boe Oe 
(iii) —3(A + 2B) (iv) 37@A- 3B) 
pA 2, 4 4 ond 
‘5. Find the value of X, if ¢ 3 | +X= ie vee 


] - “ : 
6. . if A=| 5 43) Bel’ 5 | then piove that 


AB #BA | 
30f 2 2 4 

7. If A= ree and B = S, 5 | then verify that 

(Gj) (AB)'=B‘A' (i) (AB)'=B"A™ 

SUMMARY 

° A rectangular array of real numbers enclosed within brackets is said to form a 

matrix. 
** A matrix A is called rectangular, if the number of rows and number of columns 

of A are not equal. 


* A matrix A is called a square matrix, if the number of rows of A is equal to the 
number of columns. 


25 A matrix A is called a row matrix, if A has only one row. 

A matrix A is called a column matrix, if A has only one column. 

A matrix A is called a null or zero matrix, if each of its entry is 0. 

Let A be a matrix. The matrix A‘ is a new matrix which is called transpose of 
matrix A and is obtained by interchanging rows of A into its respective columns 
(or columns into respective rows). 

A square matrix A is called symmetric, if A‘=A. 


Let A be a matrix. Then its negative, —A is obtained by changing the signs of all 
the entries of A. | 
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Bilin EE 


‘: A square matrix M is said to be skew symmetric; if M' =-—M. 


. A square matrix M is called a diagonal matrix, if atleast any one of entries of its 
_ diagonal is not zero and remaining entries should be zero. 


. A diagonal matrix is called identity matrix, if all diagonal entries are 1. 


be .0 
A=!0 1 O| iscalled a 3-by-3 identity matrix. 
0 0 1 


: Any two matrices A and B are called equal, if 
(i) order of A = order of B (ii) corresponding entries are same 
” Any two matrices M and N are said to be conformable for addition, if 
order of M = order of N. ! 


a Let A be a matrix of order 2-by-3. Then a matrix B of same order is said to be 
an additive identity of matrix A, if 
B+A=A=A+B 
* Let A be a matrix. A matrix B is defined as an additive inverse of A,if 
B+A=O=A+B 


Let A be a matrix. Another matrix B is called the identity matrix of A under 
multiplication, if 
BxA=A=AxXB. 


| b 
* LetM= ¥ d | be a 2-by-2 matrix. A real number A is called determinant of 
M, denoted by det M such that 
a 
Oa, 


. A square matrix M is called singular, if the determinant of M is equal to zero. 


. A square matrix M is called non-singular, if the determinant of M is not equal to 
zero. 


det M = 








b sie ; 
. For a matrix M = s d | , adjoint of M is defined by 
d -b | 


=—¢ a 


Adj M= | 


. Let M be a square matrix : | , then 





M = come Sees , where det M = ad — bc #0. 
a ma ae / 


Matrices and Determinants 32 


* The following laws of addition hold, 
M+N=N+M (Commutative) 
(M+N)+T=M+(N+T) (Associative) 
* The matrices M and N are conformable for multiplication to obtain MN if the 
number of columns of M = number of rows of N, where 
(i) (MN) #N\M, in general 
(ii) (MN)T=M(NT) (Associative law) 
(iii) M(N+T) =MN+MT 
(iv) (N+T)M =NM+TM 
. Law of transpose of product (AB) =B' A’ 
i (AB)! =B7 AT 
+ BA Haein a 
The solution of a linear system of equations, 
ax+by =m 
cx+dy =n 


ead % ; a: FTEs m | 
by expressing in the matrix form | -| 
Cc 


d 
waren PLE alt 
_is given by = 
y a n 


if the coefficient matrix is non-singular. 


(Distributive laws) 


By using the Cramer’s rule the determinental form of the solution of equations 














ax+by=m . 
cx+dy=n 
ei m : a * 
na ¢ nt’ b 
x= and = , where #0 
ao a b ‘ae 
Pe C8 











Unit 2 


REAL AND COMPLEX NUMBERS 


Unit Outlines 
2.1 Real Numbers 
2.2 Properties of Real Numbers 
2.3 Radicals and Radicands 
2.4 Laws of Exponents / Indices 
2.5 Complex Numbers 
2.6 Basic Operations on Complex Numbers 


Students Learning Outcomes 






as studying this unit, the students will be able to: 
recall the set of real numbers as a union of sets of rational and irrational 
numbers. 

depict real numbers on the number line. 

demonstrate a number with terminating and non- terminating recurring decimals 
on the number line. 

give decimal representation of rational and irrational numbers. 

know the properties of real numbers. 

explain the concept of radicals and radicands. 

differentiate between radical form and exponential form of an expression. 
transform an expression given in radical | form to an exponential form and vice 
i versa. \ 
‘| * recall base, exponent and value. 
* apply the laws of exponents to simplify expressions with real exponents. 
* define complex number z represented by an expression of the form 


z=a+ib, where a and b are real numbers and i = s/-1 

recognize a as real part and b as imaginary part of z = a + ib. 

define conjugate of a complex number. 

know the condition for equality of complex numbers. 

carryout basic operations (i.e., addition, subtraction, multiplication and division) 
on complex numbers. 






% --% 


















x &+ & 






Introduction 


The numbers are the foundation of mathematics and we use different kinds of - 
numbers in our daily life. So it is necessary to be familiar with various kinds of 
numbers. 
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In this unit we shall discuss real numbers and complex numbers including their 
properties. There is a one-one correspondence between real numbers and the points 
on the real line. The basic operations of addition, subtraction, multiplication and 
division on complex numbers will also be discussed in this unit. 


2.1 Real Numbers 
We recall the following sets before giving the concept of real numbers. 
Natural Numbers 


The numbers 1, 2, 3, ... which we use for counting certain objects are called 
natural numbers or positive integers. The set of natural numbers is denoted by N. 


Tea me fp ie es eee 
Whole Numbers 


If we include 0 in the set of natural numbers, the resulting set is the set of whole 
numbers, denoted by W, 


i.e., W={0, 1,2, 3,...} 
Integers 


The set of integers consist of positive integers, 0 and negative integers and is 
denoted by Z:1.e., Z = {:..; —3,=—2, —1, 0, 1, 2, 3;...} 


2.1.1 Set of Real Numbers 
First we recall about the set of rational and irrational numbrs. 
Rational Numbers 


All numbers of the form p/q where p, g are integers and g is not zero are called 
rational numbers. The set of rational numbers is denoted by Q, 


ie, Q= {2 p,q Znq#0 } 


Irrational Numbers 





The numbers which cannot be expressed as quotient of integers are called 
irrational numbers. 


The set of irrational aembbers is denoted by Q’, 
ita = {rlx#2,p.ae ZAG#O } 


For example, the numbers af 2, J 3, 5% m and e are all irrational numbers. 


The union of the set of rational numbers and irrational siti ny is known as the 
set of real numbers. It is denoted by R, 


Le. too ky Ces 
Here Q and Q’ are both subset of R and QA Q’=6 
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Mew cCZcCo 
Q and Q’ are disjoint sets. 


for each prime number p, | p isan 
irrational number. 


square roots of all positive non-square 
integers are irrational. 


be. NW cet fc Be 





2.1.2 Depiction of Real Numbers on Number Line 

The real numbers are represented geometrically by points on a number line / 
such that each real number ‘a’ corresponds to one and only one point on number line / 
and to each point P on number line /there corresponds precisely one real number. 
This type of association or relationship is called a one-to-one correspondence. We 
establish such correspondence as below. 

We first choose an arbitrary point O (the origin) on a horizontal line / and 
associate with it the real number 0. By convention, numbers to the right of the origin 
are positive and numbers to the left of the origin are negative. Assign the number | to 
the point A so that the line segment OA represents one unit of length. 


, 


r O A P 
Aa 4 Ae Oe 23. 4 a 


t 


The number ‘a’ associated with a point P on / is called the coordinate of P, and 
/ is called the coordinate line or the real number line. For any real number a, the 
point P’(— a) corresponding to —a lies at the same distance from O as the point P (a) 
corresponding to a but in the opposite direction. 


2.1.3 Demonstration of a Number with Terminating and Non-Terminating 
decimals on the Number Line 
First we give the following concepts of rational and irrational numbers. 


(a) Rational Numbers 
The decimal representations of rational numbers are of two types, terminating 
_and recurring. : 
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(i) Terminating Decimal Fractions 
The decimal fraction in which there are finite number of digits in its decimal 


2 
part is called a terminating decimal fraction. For example 35 0.4 and = = 0.375 


(ii) Recurring and Non-terminating Decimal Fractions 
The decimal fraction (non-terminating) in which some digits are repeated again 
and again in the same order in its decimal part is called a recurring decimal fraction. 


2 4 
For example o> 0.2222... and 17> 0.363636.... 


(b) Irrational Numbers 


It may be noted that the decimal representations for irrational numbers are 
neither terminating nor repeating in blocks. The decimal form of an irrational number 
- would continue forever and never begin to repeat the same block of digits. 


e.g., ,/2 = 1.414213562...,. m= 3.141592654..., e=2.718281829..., etc 


Obviously these decimal representations are neither terminating nor recurring. 
We consider the following example. 


Example 
Express the following decimals in the form > where p,g € Zandg #0 
(a) 0.3 = 0.333 ...... (b) 0.23 = 0.232323 ..... 
Solution 


(a). Leb oss 0.3, which can be rewritten as 
RS IS ek ee Oe STE ee ee wee Ae ea ily ys (i) 
Note that we have only one digit 3 repeating indefinitely. 
So, we multiply both sides of (i) by 10, and obtain 
10x = (0.3333...) x 10 
OC: Wes 3.3554 | ee re Re ee ee een a ene (11) 
Subtracting (i) from (11), we have | 
10x — x= (3.3333...) = (0.3333...) 


— 


Sey > x=3 


— | 
Hence 0.3 = 3 
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(b) Let x=0.23=0.23 23 23 23....... 
Since two digit block 23 is repeating itself indefinitely, so we multiply both 
sides by 100. 


Then 100x =23.23 
100x =23+0.23 =23+x 
ws 100x-x =23 
= 99x =23 
=> ss 
99 


OB yh x, 
Thus. 0,23.= a is a rational number. 


2.1.4 Representation of Rational and Irrational Numbers on Number Line 
In order to locate a number with terminating and non-terminating recurring 


* . * >. . Sel m 
decimal on the number line, the points associated with the rational numbers - and 
m * . . * . . bl 
a5 where m, n are positive integers, we subdivide each unit length into n equal parts. 
Then the mth point of division to the right of the origin represents 7 and that to the 


left of the origin at the same distance represents — rife 


Example 
Represent the following numbers on the number line. 
LOS PaO és. 7 
GQ) —g GA) oa Oi) — Ig 
Solution 


(i) For representing the rational number — 5 on the number line / divide the unit 


length between 0 and —1 into five equal parts and take the end of the second 
part from 0 to its left side. The point M in the following figure represents the 


rational number — = 


2 
5 
ee 
—2 -1 MO i 2 


Ao 45 1 
(ii) alta: It lies between 2 and 3. 
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Divide the distance between 2 and 3 into seven equal parts. The point P 


15 
represents the number i 2 7: 


7 
(iii) For representing the rational number, 15, divide the unit length between —1 
and —2 into nine equal parts. Take the end of the 7th part from —1. The point M 


. 7 
in the following figure represents the rational number, -Ig 


7 
9 
ish ree martina 
2M -! 0 2 


Irrational numbers such as /2 [5 etc. can be located on the line / by 


geometric construction. For example, the point corresponding to 4/2 may be 
constructed by forming a right AOAB with sides (containing the right angle) each of 
length 1 as shown in the figure. By Pythagoras Theorem, 


OB =\/(1)? + dy =/2 


By drawing an arc with centre at O and radius OB = 4/2 we get the point P 


representing 4/2 on the number line. . 
\ 
I 
Bt ha. oy Ac eee BL a 
K—/2—> 
EXERCISE 2.1 
1. Identify which of the following are rational and irrational numbers. 
: reer: vee am 1 
(i) V3 Gs Gi) x Gv) > (v) 7.25 (vi) Y29 


2. Convert the following fractions into decimal fractions. 


ue ae eye es 205 5 ae 
Q) ‘55 > Oy gM Sn 7g. ™ g WD 39 


£ 


3. Which of the following statements are true and which are false? 


(i) 3 is an irgational number. (1) is an irrational number. 
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(111) g iS a terminating fraction. (iv) q is a terminating fraction. 


4 
(v) 5 is a recurring fraction. 


4. _ Represent the following numbers on the number line. 


2 4 3 5 3 
Qe eG) =F Gi) yy) ew) BD [5 


3. Give a rational number between = and > t 


6. Express the following recurring decimals as the rational number . where 
p,qareintegersandg#0. (i) 0.5 (ii) 0.13 _— iii): 0. 67 


2.2 Properties of Real Numbers 
If a, b are real numbers, their sum is written as a + b and their product as ab or 
ax bora: bor (a) (b). 


(a) Properties of Real numbers with respect to Addition and Multiplication 
Properties of real numbers under addition are as follows: 


(i) Closure Property 
a+beR, Va,beR 
e.g., if-3 andSeR, 
then -3+5=2ER 
(ii) Commutative Property 
a+b=b+a, Va,beR 


e.g., 1f2,3 ER, 
then 2+3=3+2 
rT. Ss 


(iii) Associative Property 
(a+b)+c=a+(b+c), Va,bceER 
é\g3) af (557; S-e: Ry 
then (5+7)+3=5+(7 +3) 
or 12+3=5+410 
or | 25 = tS 


Real and Complex Numbers 40 


(iv) Additive Identity 
There exists a unique real number 0, called additive identity, such that 
a+O=a=O0+a, VaeR 
(v) Additive Inverse 
For every a € R, there exists a unique real number —a, called the additive 
inverse of a, such that 
a+(—a)=0=(-a)+a 
e.g., additive inverse of 3 is —3 since 3 + (-3) = 0 = (-3).+ G). 
Properties of real numbers under multiplication are as follows: 
(i) Closure Property 
abe R, Va,beR 
e.g., if —3,56E R 
then (—3)(5)ER 
or —-I5ER 
(ii) Commutative Property 
ab=ba, Va,beR 


(iii) Associative Property 
(ab)c=a(bc), Va,b,ceR 
eg; 2.2,.3,5€.% 
then (2.x 3). x 5.=2:%G 93) 
or PGS =2 x 1S 
we ~aR= 30 
(iv) Multiplicative Identity 
There exists a unique real number 1, called the multiplicative identity, such that 
a. i=a= la.) eee 
(v) Multiplicative Inverse 
For every non-zero real number, there exists a unique real number a’ or 7 
called multiplicative inverse of a, such that 
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-| 4 
aa el=a a 


1 
or aX%nral=—xe 
a a 


l 
e.g., if SER, then = € R 
such that 


ae 


] 
gebagx5 


So, 5 and 5 are multiplicative inverse of each other. 


(vi) Multiplication is Distributive over Addition and Subtraction 


Note: 


For all a,b,ce R 
a(b+c)=ab+ac (Left distributive law) 
(a+ b)c=ac+be (Right distributive law) 
e.g., if 2,3,5€ R, then 
2(3+5)=2x3+2x5 
or 2x8=6+10 


or I@=46 

And for alla, b,ce R 
a(b—c)=ab-ac (Left distributive law) 
(a—b)c=ac—be (Right distributive law) 


e.g., if 2,5, 3 € R, then 
25—3)=2x5-2x3 
or 2xX2=10-6 


er jab aA 





(b) Properties of Equality of Real Numbers 


(i) 


(ii) 


Properties of equality of real numbers are as follows: 
Reflexive Property — 

a=a, VaeR 

Symmetric Property 

Ifa=b,thenb=a, Va,beR 
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(iii) Transitive Property 
Ifa=bandb=c,thena=c, Va,b,ce R 
(iv) Additive Property 
Ifa=b,thena+c=b+c, Va,b,ceR 
(v) Multiplicative Property 
 Ifa=b,thenac=bc, Va,b,ce R 
(vi) Cancellation Property for Addition 
Ifa+c=b+c,thena=b, Va,b,ce R 
(vit) Cancellation Property for Multiplication 
If ac=bc,c#Othena=b, Va,b,ce R 
(c) Properties of Inequalities of Real Numbers ~ 
Properties of inequalities of real numbers are as follows: 
(i) Trichotomy Property 
V a,be R 
a<p. of @=6.-or S\a>b 


(ii) Transitive Property 


v Mask ce RK 

(a) a<bandb<c>a<c (b) a>bandb>c>a>c 
(iii) Additive Property 
V a,b,ce R 

(a) a<b>a+c<b+c and (b) a>boaat+c>bte 

a<b>ct+a<c+b a>b=>c+a>c+tb 


(iv) Multiplicative Property 
(a) Va,b,ce Randc>0 


(i) a>b=>ac>be Gi) a<b=>ac<be 
a>b=>ca>cb a<b=>ca<cb 

(b) Va,b,ce Randc <0 
6). 0.5.B. => 46 De (31)... <P gC. be 
a>b=>ca<cb a<b=>ca>cb 


(v) Multiplicative Inverse Property 
Va,be Randa+0,b+0 


cpt Pest 
(a) a<bOU>;Z (bt) a>be7<7z 
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EXERCISE 2.2 
Identify the property used in the following 
(i) a+b=b+a (ii) (ab)c = albe) 
Gi) “7 xX ted (iv) x>yorx=yorx<y 
(v) ab=ba (vi) at+tc=b+c>a=b 
(vii) 5+(—5)=0 (villi) 7 Xx 5 aa | 


Gx). a>b=> adc>bc. (c>0) 
Fill in the following blanks by stating the properties of real numbers used. 
3x + 3(y — x) 
= 3x4 Sy 3X: dss 
= 30 SR ASV, hccenss 
SORES a coi 


— | gah alia peer Spe. 
Give the name of property used in the following. 


(i) ¥244+0=/24 


ii) “3(S+z)=(-3)@+(-3)(2) 


(iii) 7+ (—1) =0 
(iv) 4/3 4/3 is a real number 


» EDs 


2.3 Radicals and Radicands 
2.3.1 Concept of Radicals and Radicands 


If n is a positive integer greater than 1 and a is a real number, then any real 


number x such that x” = a is called the nth root of a, and in symbols is written as 


n 
x=vVa, or x=(a)'”, 


In the radical ‘Ja , the symbol af is called the radical sign, n is called the 


index of the radical and the real number a under the radical sign is called the radicand 
or base. | 


pA gyeott 
A/a is usually written as v/a. 
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2.3.2 Difference between Radical form and Exponential form 
In radical form, radical sign is used. 


e.2.,°x= \la is a radical form. 


5 
ax ; Ve are examples of radical form. 


In exponential form, exponential is used in place of radicals, 


1/n 


e.g., x=(a) is exponential form. 


x, re are examples of exponential form. 
Properties of Radicals 


Let a, be R and m, n be positive integers. Then, 


(i) Yab=Vab ii) a ck 
\/b 
Gay ada aaa (iv) Va"=(Ja)" = (w) Na"=a 


2.3.3 Transformation of an Expression given in Radical form to Exponential 
form and vice versa 


The method of transforming expression in radical form to exponential form and 
vice versa is explained in the following examples. 


Example 1 


Write each radical expression in exponential ‘notation and each exponential 
expression in radical notation. Do not simplify. 


(i) *8 Gi) Ve Gi) y vy? 


Solution 


(1) 8 = (-8)'” (ii) Ve = 3 
(iit) ate =\y or Al y: (iv) xP ae or (yx iy 


Example 2 
Simplify V16x'y? 
Solution 
8 Fo am Sal >| Tea +i 
‘J TGR: = MCMC RRMY AY), taeeee (factorizing) 


2 2x Oye a Oe! (arranging perfect cubes) 


- 2x VQ») Be! (eaaen 2h property (i) 
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=4/2xy’ 4/23 Ale pu A ae property (i) 


3 
= 2xy \/2xy" i OP a ee ae property (v) 
EXERCISE 2.3 


1. Write each radical expression in exponential notation and each exponential 
expression in radical notation. Do not simplify. 


(i) V-64 Gi) 2 Git) 7 Gy y® 


2. Tell whether the following statements are true or false? 


G) S45=f§ Gy 27244 Gi) V49=7~ Gv) Ve" =x 


3. Simplify the following radical expressions. 


5 2 
Gi) V-125 Gp 32. Gi) \ |= (iv) \|-35 
2.4 Laws of Exponents/Indices__ . 


2.4.1 Base and Exponent 


In the exponential notation a” (read as a to the nth power) we call ‘a’ as the 
base and ‘n’ as the exponent or the power to which the base is raised. 


From this definition, recall that, we have the following laws of exponents. 
Ifa, be Rand m, n are positive integers, then 


L a” a’ mi an Ul (a”y" aS a 
Se a\ a 
Il (ab) =ab IV (¢) = 772 9#0 
V a =a, a#0 VI a°’=1,wherea¥0 
ee eee 
Vil a a. where a #0 


2.4. - Applications of Laws of Exponents 


The method of applying the laws of indices to se Se algebraic expressions is 
explained in the following examples. 


Example 1 


Use rules of exponents to simplify each expression and write the answer in 
terms of positive exponents. 


-2 (3.4 3 20-2 
jQ => Gi) C =| 





ay aq” 
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Solution | 
ABs y °° y 
wie m n m+n 
(1) Sue 54 (a a=a ss) 
x *¥ x? 
7-4 3 m 
me ss (2 =d%7) 
= Tages (Mile 
x 345 x a" 





Example 2 
Simplify the following by using laws of indices: 


g —4/3 4 A(3 n 
(1) Ss) (i1) =a ) 3" 


Solution Using Laws of Indices, 
a ( 8 ite -( 125 La sbi 8 a a 
2 74 

















125 8 a (3) i (2) = erly 
(yee ee 
"S38 <4. 3B 26) * 2 
EXERCISE 2.4 
1. | Use laws of exponents to simplify: 
(ay ay . et 
Scan meee SE 2x —8 
(i) fa96y" (ii) (2x y )(-8x y) 
—2_-1 -4)\-3 n 45 4n-1 
. ay 2 (81) -3°-—(3)” (243) 
(iii) bias OD (iv) (97")\(3°) 


2. Show that 


. iz ( x” 4 ( x? yr 
m7 ED by os pao Fr = an | 
x xX x 
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3. Simplify 
B 2"3(27)!3 x60)" e (216)? x (25)? 
: (180)!” ny, 4) 8 (9)'4 ul (.0 Ay i | 
(iii) 5° +(52) (iv) (x) + iP x#0 


2.5 Complex Numbers 

We recall that the square of a real number is non-negative. So the solution of 
the equation x* + 1 = 0 or x* =—1 does not exist in R. To overcome this inadequacy of 
real numbers, we need a number whose square is —1. Thus the mathematicians were 
tempted to introduce a larger set of numbers called the set of complex numbers which 
contains R and every number whose square is negative. They invented a new number 


| —1, called the imaginary unit, and denoted it by the letter i(iota) having the property 
that i7 = —1. Obviously i is not a real number. It is a new mathematical entity that 
enables us to enlarge the number system to contain solution of every algebraic 


equation of the form x* = —a, where a > 0. By taking new number i = s/-1, the 
solution set of x* + 1 = 0is 
(V-1,-/-1} or {i,-i} 


The Swiss mathematician Leonard Euler (1707 — 1783) was the first to use the 
symbol i for the number \J~1. 


Numbers like s/-1 1, \/-5 5 etc. are called pure imaginary numbers. 


Note: 






Integral Powers of i 

By using i= s/-1 , we can easily calculate the integral powers of i. 

eg, @=-1,i =ixis-—i,f=ixi =(C1\(-1)=1,% =@) =CD =, 

” = (= (-1Y =-1, ete. 

A pure imaginary number is the square root of a negative real number.” 
2.5.1 Definition of a Complex Number 

A number of the form z = a + bi where a and b are real numbers and i = s|-1 , 1S 
called a complex number and is represented by z i.e., z=a+ib 
2.5.2 Set of Complex Numbers . 

The set of all pry numbers is denoted by C, and 

= {z|z=a+ bi, wherea, be Randi=\/-1} 


The oe a and b, called the real and imaginary = of z, are denoted as 
a = Re(z) and b = Im(z). 
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Observe that: 
(i) 











Every a € R may be identified with complex numbers of the form a + 0 taking 

b = 0. Therefore, every real number is also a complex number. Thus R c C. 
Note that every complex number is not a real number. 

(ii) Ifa=O, then a + bi reduces to a purely imaginary number bi. The set of purely 
imaginary numbers is also contained in C. 

(iii) Ifa=b=0, then z=0 + i0 is called the complex number 0. 





The set of complex numbers is shown in the following diagram: 


Whole Natural 
numbers numbers 


mr Negative 
numbers natural 
numbers 
numbers | Irrational 
Pure 
imaginary 
numbers 


2.5.3 Conjugate of a Complex Number 


If we change i to —i in z = a + bi, we obtain another complex number a — bi 
called the complex conjugate of z and is denoted by z (read z bar). 


Thus, if z=—1—-—i, then z=-—1 +1. 


The numbers a + bi and a — bi are called conjugates of each other. 
Note that: 









G) i zag 
(ii) The conjugate of a real number z = a = a + Oi coincides with the number itself, 







since Z= a+O0i =a-—Oi=a. 
Conjugate of a real number is the same real number. 


2.5.4 Equality of Complex Numbers and its Properties 
For all a, b,c, de R, 
a+bi=c+diif and only ifa=c and b=d. 
e.g., 2x+yi=4+9i if and only if 
2x=4 and y’=9,i.e.,x=2 andy=+3 
Properties of real numbers R are also valid for the set of complex numbers. 
Gi) Zee (Reflexive law) 
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(ii) Ifz, =z, then z= z, (Symmetric law) 
(ii) If z; = z) and z) = z3, then z; =z; (Transitive law) 
EXERCISE 2.5 
l.. Evaluate 
Gu (ii) id (iii) i’? 
(iv) (-i° (v)i Gi. (vi) i’ 
2. Write the conjugate of the following numbers. 
(i) 2+3i Gi) 3-Si (iii) —i 
(iv) —3+4/ (v) -—-4-i (vi) i-3 
3. Write the real and imaginary part of the following numbers. 
(ij) Iti Gi) —1+2i (iii) —3i+2 
(iv) —2-—2i (v) —3i (vi) 2+0i 


4. Find the value of x and y if x + iy+ 1 =4—- 33. 


% 
2.6 Basic Operations on Complex Numbers 
(i) Addition } 
Let z}=a+ib andz,=c+id be two complex numbers and a, b,c,deé R. 
The sum of two complex numbers is given by 
Z) +2 =(a+ bi) +(c+di)=(a+c)+(b+d)i 
_ Le., the sum of two complex numbers is the sum of the corresponding. real and 
the imaginary parts. 
e.g., (3 — 81) + (5 + 21) = (3 +5) + (-8 + 2)i=8 - 6 
(ii) Multiplication 
Let z,;=a+ib andz,=c+id be two complex numbers. 
The products are found as 
(i) Ifke R,kz,=k(a+ bi) =ka + kbi. 
(Multiplication of a complex number with a scalar) 
(ii) 2,;Z) =(a+t bi) (c +di)= (ac — bd) + (ad + be)i 
(Multiplication of two complex numbers) 
The multiplication of any two complex numbers (a + bi) and (c + di) is 
explained as | 
ZZ = (a + Di) (c + di) = a(c + di) + bi(c + di) 
= ac + adi + bei + bdi* 
= ac + adi + bci + bd(-1) (since i” = —]) 
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= (ac — bd) + (ad + be)i (combining like terms) 
e.g., (2—3i) (44 5i)=8 + 10i— 12i- 157° =23-2i. (since i = -1) 
(iii) Subtraction , 
Let z; =a+ ib and Z, =c +id be two complex numbers. 
The difference between two complex numbers is given by 
Z; —Z = (at bi) —(c + di) =(a—c)+(b-d)i 
eg., (-2+ 31 -(2+)=(2-2)+G3-)i=—-4+2i 


i.ec., the difference of two complex numbers is the difference of the 
corresponding real and imaginary parts. 


(iv) Division 
Let z, =a+ib and z,=c+id be two complex numbers such that z, + 0. 
The division of a + bi by c + di is given by 


4; atbi arbi c-di he 

Zz c+di c+di c—di- (Multiplying the numerator and 
denominator by c — di, the complex 
conjugate of c + di). 


_ ac + bci — adi — bdi* 














c* — (diy 
_ac+t es - ae + ae Sine ee I 
c+d 
_ (ac + bd) + (bc — ad)i _ ac +bd (aoa 
ce+d co? +d C+k )’ 
Operations are explained with the help of following examples. 
Example 1 
Separate the real and imaginary parts of (—1 +~/—2)° 
Solution 


Let z =—1 +>/-2, then 
Pe (4 +2)? =(-1 + n/2)*, changing to i-form 
= (-1 + (2) (1 + 2) = (-1) 1 + 2) + V2 1 + 2) 
= 1-2-2 +272 =-1- 221 . 


Hence Re (2’) =-—1] and Im (2°) = ~2,/2 
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Example 2 





] 
Express 142i in the standard form a + bi. 
Solution 


I l hii 
a ave Te Oe Laer eas 


(multiplying the numerator and denominator by 1 + 27) 














1-2i 1-2i i+ o> 
eer Qn = 1-42” (simplifying) 
1 ee 2i | 9) 
oe (since i? = -1) 
Bya2': pre 
eee which is of the form a + bi 
.. Example 3 
4+5i. 
Express 45,12 the standard form a + bi. 
Solution 
4+5i ] 4+5i 
ree = (4 + 5i)-7-=x poet (multiplying and dividing by the 
conjugate of (4 — 5i)) 
_ (445i" _ 16+ 407+ 257 Bits: 
= (4) — (i ay: Ec Si = hPa Te 625° (simplifying) . 
_ 16+ 407 — 25 fare: 
Via Lae (since 7” = —]) 
_-9+40i. 9 40. 
=: 40 ae eh ogee 
Example 4 


Solve (3 — 41) (x + yi)=1+0-i for real numbers x and y, where i= a/-1. 
Solution 


We have (3-41) (x«+yi) =1+0-i 
or 3x + 3iy —4ix-—47y =140-i 
or 3x+4y+(3y-—4x)i =1+0-i 


Equating the real and imaginary parts, we obtain 
3x+4y=1 and 3y-—4x=0 
Solving these two equations simultaneously, we have | x = = and y= - 


BF - 
2 
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EXERCISE 2.6 
1. Identify the following statements as true or false. 


(i) 33-3 or Gii) 7° =-1 
(iv) Complex conjugate of (—6i + i*) is (—1 + 6) 
(v) Difference of a complex number z = a + bi and its conjugate is a real 
| number. 
(vi) If(a—1)-(b+3)i=5 + 8i, then a=6 and b=-11 
(vii) Product of a complex numbeg,and its conjugate is always a non-negative 
real number. 


2. Express each complex number in the standard form a + bi, where a and b are 
real numbers. 














(i) (24+3i)+(7—2i) (ii) 2(5 + 41) -3 (7 + 43) 
(iii) —(-3 + 5i) — (4 + 9i) (iv) 27 +67 +3i°-6i° +47” 
3. Simplify and write your answer in the form a + bi. 
(i) (-7+3i) (3 +28 Gi) (2-4) G-7V-4) 
(ii) O/5 - 31) (iv) (2-3i) G-2i) 
4. Simplify and write your answer in the form a + bi. 
—2 ide We a Oe 
2 Se saree a in TES 
2-61 4+1 1+i/ ‘ 1 
ike PEM a) We 4 3) -) 
5.  Calctlate (a) Zz (b) z+ Z (c) z—Z (qd) z Z, foreach of the following 
1 2d (Hi) S229 
_* 1+i ee 4—-3i 
(ili) z=7=; GV). = 244i 


6. If z= 2 + 3i and w = 5 — 4i, show that . 





(i) ztw= Z+w (ii) Z—-w=2Z-wW 


| 


Ww (iv) 


“| 


—— = 
(ili) zZw= ) ==, where w # 0. 


ees 
= [8 


1 Me CO ay ea new 
(v) 4(z+ 2Z)is the real part of z. (vi) >; (z—Z) is the imaginary part of z. 
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(1) 


(11) 


(iii) 


(iv) 


(v) 


(vi) 


(ix) 


Solve the following equations for real x and y. 
(Gi) (2-31) (+yi)=4+i 

(ii) (3—2i) (@+yi) =2(x - 2yi) + 2i-1 
(iii) (3+4i)° —2x-yi =x+ yi 


REVIEW EXERCISE2 _ 

Multiple Choice Questions. Choose the correct answer. 
(Q1x4) rae 

ow. , 3 4 3 

x x x x 

oF oF oF . oF 
Write x in exponential form ...:.... 
(a) x  (b) x! (c) x” (d) x/? 


Write 4~° with radical SENUSh.... 


(a) la (b) 4 () V4 (a) 4° 


In [35 the radicand is ........ 


fay 3 (b) ; Cy 35 (d) none of these 
95 \-1/2 | 
(258 a 
5 4 5 4 

(8) Zines (b) 5 Cele (d) <= 

The conjugate of 5 + 47is ......... 

(a) -5+4i (b) -5-4i (c) 5 -4i (d) 5+4i 
(vii) The value of 7” is ......... 

(a) 1 (b) -1 (Vi 9 (d) -i 
(viii) Every real number is ......... 

(a) a positive integer (b) arational number 

(c) anegative integer (d) acomplex number 

Real part of 2ab(i + i”) is .......... 

(a) 2ab (b) -2ab  (c) 2abi (d)  —2abi 


(x) 


Imaginary part of —i(3i + 2) is ...... 7 | 
(ay* Sega (b) 2 (c) 3 S83 
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(xi) Which of the following sets have the closure property w.r.t. addition. ...... 


(a) {0} (b)i:2 {028} 
I 
©) {0,1) @) {1,V¥25 } 


5 5 
(xii) Name the property of real numbers used in ” ut | a= = V5 ney 


2 2 
(a) additive identity (b) additive inverse 
(c) multiplicative identity (d) multiplicative inverse. 


(xiii) If x*yzZER,z<O0,thenx<y> oe ele ere | 
(a) x»z< yz (b) x2 > yz 
(cy az = yz (d) none of these 


(xiv) Ifa, b € R, then only one of a= b ora<bora>b holds is called ...... 


(a) trichotomy property (b) transitive property 

(c) additive property (d)}» multiplicative property 
(xv) A non-terminating, non-recurring decimal represents ...... 

(a) anatural number : (b) a rational number 

(c) an irrational number (d) aprime number 


2. True or false? Identify. 
(i) Division is not an associative operation. 
(ii) | Every whole number is a natural number. 
(iii) Multiplicative inverse of 0.02 is 50. 
(iv) is arational number. 
(v) Every integer is a rational number. 
(vi) Subtraction is a commutative operation. 
(vii) Every real number is a rational number. 


(viii) Decimal representation of a rational number is either terminating or 
recurring. 


= 8 
(ix) 18=1 +9 


3. Simplify the following. 
4 > 5 Le 
G) V8iy 2x3 Gi) 25 x! ye 
(iii) as ye i: Gd) AB nile Be ‘5 
x y tee 625x' y z 


~— 


Not For S2lc PESRP 


s-efef e @ © 
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216 2/3 5 1/2 
Simplify ~\ Sear 


Simplify 
+q q gtr 
(<y . | +5(@’.ay",a#0 


a a a 
omen SBE 


3 [ 3 m 3 n 
a a a 
ee I en 
ga a a” a" a’ 
SUMMARY 
Set of real numbers is expressed as R = Q U Q’, where 





O= sis P.gé Z,q#, k. Q’ = {x | x is not rational}. 
Properties of real numbers w.r.t. addition and multiplication: 
Closure:a+be R,abe R,Va,beR 
Associative: 
(a+b)+c=a+(b+c), (ab)c=a(bc),Va,b,cEeR 

Commutative: 
a+b=b+a, ab=ba, Va,beR : 

Additive Identity: 

a+O0=a=0+4,VaeR, 

Multiplicative Identity: 

a-T=q=!l-ZV cer 

Additive Inverse: 
a+(-—a)=0=(-a)+a,VaeR 

Multiplicative Inverse: 
q-—= ] =--a, a#0 

Multiplication is distributive over addition and subtraction: 
a(ib+c)=ab+ac,Va,b,cER 
(b+c)a=ba+ca,Va,b,cEeR 
a(b—c)=ab—-ac,.Va,b,cER 
(a—b)c=ac—bc,Va,b,ceER 

Properties of equality in R 

Reflexive:a=a,VaeR 

Symmetric: a=b => b=a, Va,beR 
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Transitive: a=b, b=c > a=c, Va,b,ceR 

Additive property: Ifa=b, thena+c=b+c,Va,b,ceER 
Multiplicative property: Ifa=b, thenac=bc, Va,b,ce R 
Cancellation property: If ac=bc,c #0, thena=b,Va,b,ce R 


In the radical A|x ; Na is radical sign, x is radicand or base and n is index of 
radical. 


Indices and laws of indices: 
Va,b,ce Randm,ne z 


(a"y" * rahi (ab) a ap" 


a\o qq” 
(¢) at htigl 


b 
m n m+n 
a a =a 
a” 
m-7 
[=a ,a#0 
a 


* Complex number z = a + bi is defined using imaginary unit i = a/-1, where 
a,b € Rand a= Re (z), b= Im (z) 


* Conjugate of z= a + bi is defined as Z = a — bi 


| Unit 3 
LOGARITHMS 


Unit Outlines 
3.1 Scientific Notation 
3.2 Logarithm 
3.3. Common and Natural Logarithm 
3.4 Laws of Logarithm 
3.5 Application of Logarithm 


Students Learning Outcomes 

After studying this unit, the students will be able to: 
* express a number in standard form of scientific notation and vice versa. 

* define logarithm of a number y to the base a as the power to which a must be 
raised to give the number (i.e., a = y © log,y =x,a>0,a#1andy>0Q). 
define a common logarithm, characteristic and mantissa of log of a number. 

use tables to find the log of a number. | 

give concept of antilog and use tables to find the antilog of a number. 
differentiate between common and natural logarithm. 

prove the following laws of logarithm 












- + + & 





* log,(mn) = log,m + log,n, 





4 log. | = log,m — log,n, 





@ log,m" =n log,m, 





a log,m log,,n = log,n. 






* apply laws of logarithm to convert lengthy processes of multiplication, division 
and exponentiation into easier processes of addition and subtraction etc. 





Introduction 
The difficult and complicated calculations become easier by using logarithms. 


Abu Muhammad Musa Al Khwarizmi first gave the idea of logarithms. Later 
on, in the seventeenth century John Napier extended his work on logarithms and 
prepared tables for logarithms. He used “e” as the base for the preparation of 
logarithm tables. Professor Henry Briggs had a special interest in the work of John 
Napier. He prepared logarithim tables with base 10. Antilogarithm table was prepared 
by Jobst Burgi in 1620 A.D. 
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3.1 Scientific Notation 


There are so many numbers that we use in science and technical work that are 
either very small or very large. For instance, the distance from the Earth to the Sun is 
150,000,000 km approximately and a _— hydrogen atom weighs 
0.000,000,000,000,000,000,000,001,7 gram. While writing these numbers in ordinary 
notation (standard notation) there is always chance of making an error by omitting a 
zero or writing more than actual number of zeros. To overcome this problem, 
scientists have developed a concise, precise and convenient method to write very 
small or very large numbers, that is called scientific notation of expressing an 
ordinary number. 


A number written in the form a x 10", where 1 < a < 10 and 7 is an integer, is 
called the scientific notation. 


The above mentioned numbers (in 3.1) can be conveniently written in scientific 
notation as 1.5 x 10° km and 1.7 x 10°" gm respectively. 
Example 1 

Write each of the following ordinary numbers in scientific notation 

(i) 30600 (ii) 0.000058 

Solution 

(i) 30600 = 3.06 x 10° (move decimal point four places to the left) 

(ii) 0.000058 =5.8x10° (move decimal point five places to the right) 
Observe that for expressing a number in scientific notation 
(i) | Place the decimal point after the first non-zero digit of given number. 


(ii) We multiply the number obtained in step (i), by 10” if we shifted the decimal 
point 7 places to the left 


(iii) We multiply the number obtained in step (i) by 10” if We shifted the decimal 
point n places to the right. 


On the other hand, if we want to change a number from scientific notation to 
ordinary (standard) notation, we simply reverse the process. 


Example 2 


Change each of the following numbers from scientific notation to ordinary 
notation. (i) 6.35 x 10° (ii) 7.61 x 10~ 


Solution 
(i) 635 10° = 6350000 (move the decimal point six places to the right) 
(ii) 7.61 x 10° = 0.000761 (move the decimal point four places to the left) 
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EXERCISE 3.1 
1. Express each of the following numbers in scientific notation. . 
(i) 5700 (ii) 49,800,000 (iii) 96,000,000 
(iv) 416.9 (v) 83,000 (vi) 0.00643 
(vii) 0.0074 (viii) 60,000,000 (ix) 0.00000000395 
275,000 
©) 0.0025 
2. Express the following numbers in ordinary notation. 
(ji) 6x10" (ii) 5.06x 10" 
(iii) 9.018x10° (iv) 7.865 x 10° 


3.2 Logarithm 

Logarithms are useful tools for accurate and rapid computations. Logarithms 
with base 10 are known as common logarithms and those with base e are known as 
natural logarithms. We shall define logarithms with base a > 0 and a ¥ 1. 


3.2.1 Logarithm of a Real Number 


If a* = y, then x is called the logarithm of y to the base ‘a’ and is written as 
log,y=x, wherea>0,a#1 andy>0 


i.e., the logarithm of a number y to the base ‘a’ is the index x of the power to 
which a must be raised to get that number y. 

The relations a* = y and log, y = x are equivalent. When one relation is given, it 
can be converted into the other. Thus 


a*=y & log,y=x 


a* = yand log,y =x are respectively exponential and logarithmic forms of the 
same solution. 


Ste 


Logarithm of a 1 
negative number 





To explain these remarks ,we observe that 
* = 9 is equivalent to log,9 = 2 





] . 
and: 27h = 5 1s equivalent to log, f A =-l. is not defined at 
this stage. 
Similarly, we can say that See ee © 6k RON AN aLe 


log327 = 3 is equivalent to 27 = 3°. 
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Example 3 

Find log,?, i.e., find log of 2 to the base 4. 
Solution | 

Let logy2=x 


Then its exponential form is 4° = 2 
bel e 2 2 ee 


x= 5 => Joe =5 
Deductions from Definition of Logarithm 
¥ Since a? =1, log,1 =0 2. Since a' =a, log,a = 1 
3.2.2 Definitions of Common Logarithm, Characteristic and Mantissa 


Definition of Common Logarithm 


In numerical calculations, the base of logarithm is always taken as 10. These 
logarithms are called common logarithms or Briggesian logarithms in honour of 
Henry Briggs, an English mathematician and astronomer, who developed them. 


Characteristic and Mantissa of Log of a Number 
Consider the following: 
10°=1000 «© log 1000 =3 


10* = 100 = log 100 =2 

10' = 10 — log 10 = 1 

10° =)1 = log 1 =0 
10' =0.1 = log 0.1 =-1 
10° =0.01 <> §\ log 0.01.=—2 
10°=0.001 «  log0.001 =-3 





Also consider the following table 


For the numbers 


a decimal 
1 + adecimal 
a decimal 























Between | and 10 
Between 10 and 100 
Between 100 and 1000 
Between 0.1 and 1 
Between 0.01 and 0.1 
Between 0.001 and 0.01 


a decimal 
—2+ adecimal 
a decimal 
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Observe that 


The logarithm of any number consists of two parts: 
(i) an integral part which is positive for a number greater than | and negative for a 
number less than 1, is called the characteristic of logarithm of the number. 

(ii) a decimal part which is always positive, is called the mantissa of the logarithm 
of the number. 







(i) Characteristic of Logarithm of a Number > 1 


The first part of above table shows that if a number has one digit in the integral 
part, then the characteristic is zero; if its integral part has two digits, then the 
characteristic is one; with three digits in the integral part, the characteristic is two, and 
so on. 


In other words, the characteristic of the logarithm of a number greater than | is 
always one less than the number of digits in the integral part of the number. 


When a number 3 is written in the scientific notation, i.e., in the form 
b=ax 10" where 1 <a < 10, the power of 10 i.e., n will give the characteristic of 


log b. 
eee : Characteristic of 
Number Scientific Notation thie Loeatithins 


1.02 1.02 x 10° 0 
9.96 x 10! 
1.02 x 10? 

1.6624 x 10° 


Examples 










Characteristic of Logarithm of a Number < 1 

The second part of the table indicates that, if a number has no zero immediately 
after the decimal point, the characteristic is —1; if it has one zero immediately after 
the decimal point, the characteristic is —2; if it has two zeros immediately after the 
decimal point, the characteristic is —3; etc. 

In other words, the characteristic of the logarithm of a number less than 1, is 


always negative and one more than the number of zeros immediately after the 
decimal point of the number. 


Example 


Write the characteristic of the log of following numbers by expressing them in 
scientific notation and noting the power of 10. 


0.872, 0.02, 0.00345 
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Namb Scientific Characteristic of the 
eeyiae Notation Logarithm 
0.872 Rey 9 Nowa | Wi =f 
0.02 2.0 x 107 


0.00345 3.45 x 10° 


When a number is less than 1, the characteristic of its logarithm is written by 


Solution 















convention, as 3, 2 or I instead of —3, —2 or —1 respectively (3 is read as bar 3) to 
avoid the mantissa becoming negative. 


Note: 2.3748 does not mean —2.3748. In 2.3748, 2 is negative but 3748 is positive; 
whereas in —2.3748 both 2 and .3748 are negative. 


(ii) Finding the Mantissa of the Logarithm of a Number 


While the characteristic of the logarithm of a number is written merely by 
inspection, the mantissa is found by making use of logarithmic tables. These tables 
have been constructed to obtain the logarithms up to 7 decimal places. For all 
practical purposes, a four-figure logarithmic table will provide sufficient aCOUR EY. 

A logarithmic table is divided into 3 parts. 


(a) The first part of the table is the extreme left column headed by blank square. 
This column contains numbers from 10 to 99 corresponding to the first two 
digits of the number whose logarithm is required. 

(b) The second part of the table consists of 10 columns, headed by 0, 1, 2, ...,9. 
These headings correspond to the third digit from the left of the number. The 
numbers under these columns record mantissa of the logarithms with decimal 
point omitted for simplicity. 

(c) The third part of the table further consists of small columns known as mean 
differences columns headed by 1, 2, 3, ...,9. These headings correspond to the 


fourth digit from the left of the number. The readings of these columns are 
added to the mantissa recorded in second part (b) above. 


When the four-figure log table is used to find the mantissa of the logarithm of a 


number, the decimal point is ignored and the number is rounded to four significant 
figures. 


3.2.3 Using Tables to find log of a Number 


The method to find log of a number is explained in the following examples. In 
the first two examples, we shall confine to finding mantissa only. 


Example 1 
Find the mantissa of the logarithm of 43.254 


63 Mathematics 9 


oaOEA oo 
Solution 

Rounding off 43.254 we consider only the four significant digits 4325. 
(i) We first locate the row corresponding to 43 in the log tables and 


(ii) Proceed horizontally till we reach the column corresponding to 2. The number 
at the intersection is 6355. 


(iii) Again proceeding horizontally till the mean difference column corresponding to 
5 intersects this row, we get the number 5 at the intersection. 


(iv) Adding the two numbers 6355 and 5, we get .6360 as the mantissa of the 
logarithm of 43.25. 

Example 2 
Find the mantissa of the logarithm of 0.002347 

Solution 
Here also, we consider only the four significant digits 2347 


We first locate the row corresponding to 23 in the logarithm tables and proceed 
as before. 


Along the same row to its intersection with the column corresponding to 4 the 
resulting number is 3692. The number at the intersection of this row and the 
mean difference column corresponding to 7 is 13. Hence the sum of 3692 and 
13 gives the mantissa of the logarithm of 0.002347 as 0.3705 

Note: 






The logarithms of numbers having the same sequence of significant digits have 
the same mantissa. e.g., the mantissa of log of numbers 0.002347 and 0.2347 is 0.3705 





For finding the common logarithm of any given number, 
(i) Round off the number to four significant digits. 
(ii) Find the characteristic of the logarithm of the number by inspection. 
(ili) Find the mantissa of the logarithm of the number from the log tables. 
(iv) Combine the two. 
Example 3 
Find (i) log 278.23 (ii) log 0.07058 
Solution 
(i) 278.23 can be round off as 278.2 
The characteristic is 2 and the mantissa, using log tables, is .4443 
log 278.23 = 2.4443 
(ii) The characteristic of log 0.07058 is —2 which is written as 2 by convention. 
Using log tables the mantissa is .8487, so that 
log 0.07058 = 2.8487 
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3.2.4 .The Concept of Antilogarithm and Use of Antilog Tables 
The number whose logarithm is given is called antilogarithm. 
i.e., if log,y = x, then y is the antilogarithm of x, or y = antilog x 


Finding the Number whose Logarithm is Known 


We ignore the characteristic and consider only the mantissa. In the 
antilogarithm page of the log table, we locate the row corresponding to the first two 
digits of the mantissa (taken together with the decimal point). Then we proceed along 
this row till it intersects the column corresponding to the third digit of the mantissa. 
The number at the intersection is added with the number at the intersection of this 
row and the mean difference column corresponding to the fourth digit of the mantissa. 


Thus the significant figures of the si number are obtained. Now only the 
decimal point is to be fixed. 


(i) Ifthe characteristic of the given logarithm is positive, that number increased by 
1 gives the number of figures to the left of the decimal point in the required 
number. 

(ii) If the characteristic is negative, its numerical value decreased by 1 gives the 
number of zeros to the right of the decimal point in the required number. 


Example | 
Find the numbers whose logarithms are (i) 1.3247 (ii) 2.1324 


Solution 
(i) 1.3247 © 

Reading along the row corresponding to .32 (as mantissa = 0.3247), we get 
2109 at the intersection of this row with the column corresponding to 4. The number 
at the intersection of this row and the mean difference column corresponding to 7 is 3. 
Adding 2109 and 3 we get 2112. 

Since the characteristic is 1 it is increased by 1 (because there should be two 
digits in the integral part) and therefore the decimal point is fixed after two digits 
from left in 2112. 


Hence antilog of 1.3247 is 21.12. 
(ii) 2.1324 
- Proceeding as in (i) the significant figures corresponding to the mantissa 0.1324 


are 1356. Since the characteristic is 2, its numerical value 2 is decreased by 1. Hence 
there will be one zero after the decimal point. 


Hence antilog of 2.1324 is 0.01356. 
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EXERCISE 3.2 
1. Find the common logarithm of each of the following numbers. 
(i) 232.92 | (ii) 29.326 
(iii) 0.00032 (iv) 0.3206 


2.  Iflog 31.09 = 1.4926, find Pied of the following 
(i) log 3.109, Gi) log 310.9, (iii) log 0.003109, (iv) log 0.3109 
without using tables. 
3. Find the numbers whose common logarithms are (i) 3.5621 (ii) 1.7427 
4. What replacement for the unknown in each of following will make the 


statement true? 
(i) log, 81=L (ii) log,6=0.5 
(iii) logsn=2 (iv) 10°=40 — 


1 
5. Evaluate (i) log, 75g (ii) log 512 to the base 2/2. 


6. Find the value of x from the following statements. 
; aS oes X 
G@) log x=5 (ii) log, 9=x (iii) log 8 =5 
(iv) log 64 =2 (v) logx=4 


3.3 Common Logarithm and Natural Logarithm 


In 3.2.2 we have introduced common logarithm having base 10. Common 
logarithm is also known as decadic logarithms named after its base 10. We usually 
take logx to mean log,9x , and this type of logarithm is more convenient to use in 
numerical calculations. John Napier prepared the logarithms tables to the base e. 
Napier’s logarithms are also called Natural Logarithms. He released the first ever log 
tables in 1614. log, x is conventionally given the notation In x. 


In many theoretical investigations in science and engineering, it is often 
convenient to have a base e, an irrational number, whose value is 2.7182818... 


3.4 Laws of Logarithm 
In this section we shall prove the laws of logarithm and then apply them to find 
products, quotients, powers and roots of numbers. 












log (mn) = log,m + log,n 


(ii) log{ | = log m—log.n 





(iii) log, m" =n log,m 
log n= log,n x log,b 
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ER EEE 
(i) log,(mn) =log,m + log.n 
Proof 

Let logm=x and log,n=y 


Writing in exponential form a’ = manda =n. 
a Xa =mn ‘ 
ie., a > =mn 
or  log,(mn) =x +y=log,m + log,n 
Hence log (mn) = log,m + log,n 

Note: | 
(i) log,(mn) 4 log,m x log,n 
(ii) log.m + log.n # log,(m + n) 

(iii) log,(mnp ...) =log,m + log,n + log,p + ... 


The rule given above is useful in finding the product of two or more numbers 
using logarithms. We illustrate this with the following examples. 


Example 1 
Evaluate 291.3 x 42.36 
Solution 
bee x (OS 29s ae 
Then log x = log (291.3 x 42.36) 
= log 291.3 + log 42.36, (log,mn = log,m + log,n) 
= 2.4643 + 1.6269 = 4.0912 
x =antilog 4.0912 = 12340 





Example 2 
Evaluate 0.2913 x 0.004236. 


Solution 
Let y=0.2913 x 0.004236 
Then log y =log 0.2913 + log 0.004236 
1.4643 + 3.6269 
3.0912 
' Hence y = antilog 3.0912 = 0.001234 
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(ii) log, ( n ) = log — log,n 
Proof 
Let logzm=x and log n=y, 
Then Reds sancusmtin 


m 
y ak re rm 
a — 7 
m 
ie., log, Ak =x-—y=log,m-— log n 
Hence log, (2) = log,m— log .n 


Note: 


~ log m 
: m a 





(ii) log m— log n 4 log.(m—n) 

(ii) log, (+) = log, 1 —log.n =—log_n (-.: log, 1 =0) 
Example 1 

Evaluate — 
Solution 

Let x= ae 7 , then log x = reg aS 


Then log x = log 291.3 — log 42.36 (-. log, ~ = log,m — log,n) 
= 2.4643 — 1.6269 = 0.8374 


| Thus[_ x =antilog 0.8374 = 6.877 


Example 2 
Evaluate a 
Solution 
Let y= ae , then log y= log ae 


or log y = log 0.002913 — log 0.04236 
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log y = 3.4643 — 2.6269 
= 3+ (0.4643 — 0.6269) — 2 
= 3-0.1626- 2 
= 3+(1—0.1626)— 1 - 2, (adding and subtracting 1) 
= 2.8374 3-1] 2=58F Sy eye be = "9 - 


Therefore, y = antilog 2.8374 = 0.06877 


(iii) log (m") =n log m 


Proof 


Ler “log mm =x, Leja =m" 


and log m= 


y, ie,a=m 


Then a‘ = m" = (a’)" 


ie, @=(@) =a’ = ¥= Ay 


i.e., log m"=nlog,m 


Example 1 


4 
Evaluate +/(0.0163)° 


Solution 


4 
Let y =~/(0.0163)° = (0.0163)"" 


Then log y = 


3 as ke 
7 (log 0.0163) =Zx 2.2122 = 


6.6366 8 + 2.6366 
ean 





= 2+0.6592 = 2.6592 


Hence y= 


antilog 2.6592 


= 0.04562 
(iv) Change of Base Formula 


log, n=log,n xlog,b or 


Proof 


Let log,n= 


log, n. 
log, a 





x. Thenn=b* 


Taking log to the base a, we have 


log, n= 


Thus log, n= 


log,b* =x log, b= log, n log, b 
log RIOR AG. fee Tee BS « Pee, (i) 


Putting n = a in the above result, we get 
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log, ax log, b=log,a=1 
or log, b= log, a 
Hence equation (1) gives 
log, n ‘3 
log, n= log, a ee (ii) 


Using the above rule, a natural logarithm can be converted to a common logarithm 
and vice versa. 


log, gn 


log,n=log,,»nxXlog,10 or log,, € 
10 


log, n 
log;»n=log,nXlogige or log, 10 
The values of log, 10 and log,, e are available from the tables: 


1 __ = 23026 and _log,,e = log 2.718 = 0.4343 


loge YY 94343 


Example: 
Calculate log,3 x log,8 














Solution: 
We know that 
log,n 
log n= log,a 
log,3 X log,8 = 5 x ee : 
_log8 log x 
~ log2- log 2 
men PAs , 
aay a a6 SN a 
Note: 
(i) During conversion the product form of the change of base rule may often be 






convenient. 
(ii) Logarithms can be defined to any positive base other than 1, e or 10, and are 

useful for solving equations in which the unknown appears as the exponent of 
some other quantity. 
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EXERCISE 3.3 
1. | Write the following into sum or difference. 
15.2 Ye 2x 
Gj) log(AxB) (ii) log 305 (111) log 2 
} 3/7 ee ai Ga 95:5 47 
(iv) log 75 (v) log 53 (vi) log 9 


2. Express log x —2 log x +3 log (x + 1) — log (x°-1)asa single logarithm. 
3. Write the following in the form of a single logarithm. _ 


(i) log21+log5 (i) log 25-—21log3 
(iii) 2logx—3 logy (iv) log 5+ log 6—log 2 
4. Calculate the following: 
(i)  log,2 x log,81 (ii) log,3 x log,25 
5. If log 2 = 0.3010, log 3 = 0.4771, log 5 = 0.6990, then find the values of the 
following 
ry By I 
(i) log 32 (ii) log 24 (iii) log 33 
8 | 
(iv) log 3 (v) log 30 


3.5 Application of Laws of Logarithm in Numerical Calculations 


So far we have applied laws of logarithm to simple type of products, quotients, 
powers or roots of numbers. We now extend their application to more difficult 
examples to verify their effectiveness in simplification. : 


Example 1 
Show that 
16 ie Eo ee» | 
7 log 75 +5 log 54 + ‘ log gp = log 2. 
Solution 


16 25 
L.H.S.-—=-4 log 75 + 5 log a4+ 3 log a 


= T[log 16 — log 15] + 5flog 25 — log 24] + 3[log 81 — log 80] 
= T[log 2* — log (3 x 5)] + S[log 5? — log (2? x 3)] + 3[log 3° 
— log (2* x 5)] | 
= 7[4 log 2 — log 3 — log 5] + 5[2 log 5 — 3 log 2 — log 3] 
+ 3/4 log 3 — 4 log 2 — log 5] 
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= (28 — 15 — 12) log 2 + (-7 —5 + 12) log 3 + 


(—7 + 10 — 3)log 5 
= log 2+0+0=log2=R.HS. 


Example 2 
3 2 
0.07921 x (18.99) 

E _ ~ | 9.07921 x 18.99)" 

re (5.79)" x 0.9474 
Solution 

bet y ax [0.07921 x 18.99)" py titinat cesar 
*  \P G.79)*« 0.9474 ~ (5.79)" x 0.9474 


i aun x ara 


Thea 1082 sae (5.79)* x 0.9474 
1 
= 3 [log {0.07921 x (18.99)"} — log {(5.79)* x 0.9474}] 


=5 [ log 0.07921 + 2 log 18.99 — 4 log 5.79 — log 0.9474] 
=5 [2.8988 + 2(1.2786) — 4(0.7627) — 1.9765] 

i i [ 2.8988 + 2.5572 — 3.0508 — 1.9765] 

= i [1.4560 — 3.0273] = 4 ( 2.4287) 


ae 
=e 3 + 1.4287) 


= 1+0.4762= 1.4762 


or = antilog 1.4762 = 0.2993 


- 


Example 3 
Given A= A,e“. If k= 2, what should be the value of dto make A = 1: 


Solution 


Given that A = A,e ““ > ei Re 4 


é 


ae | A, I —2d 
Substituting k = 2, and A= 3 > we get =e 


Taking common log on both sides, 
logi9 1 —log,) 2 =—2d log, e, where e = 2.718 
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(1) 


(ii) 


(111) 


(iv) 


(v) 


0 — 0.3010 =—2d (0.4343) 


0.3010 
EXERCISE 3.4 . 
Use log tables to find the value of 
0.678 x 9.01 
bs 1/8 x 
(i) 0.8176 x 13.64 (ii) (789.5) (iii) 0.0734. 


AGE. 7 (1.23) (0.6975) . > [0.7214 x 20.37 

(iv) 2.709 x “/ 1.239 (v) CICEESTCELD (vi) 20 ae) am 
3 3 ; 
sg) tao \/ 2 *. V 
(vii) Zi : : (vill) i 8 we 
127 x \/ 246 

A gas is expanding according to the law pv” = C. Find C when p = 80, v = 3.1 
and n = A: 
The formula p = 90 (5) “!° applies to the demand of a product, where gq is the 


number of units and p is the price of one unit. How many units will be 
demanded if the price is Rs 18.00? 


22 
If A=mr’, find A, when == and r= 15. 


It V= 5 tr-h, find V, when 1 = = ra 2 oven h= 4.2 
REVIEW EXERCISE 3 


Multiple Choice Questions. Choose the correct answer. 

if: a mn; then’....:..: 

(a) a=logn (b) x=loga (c) x= logn (d) a=logx 
The relation y = log_x implies ........ 

(a) “x =z (b) 2 =x bc) siveatony (d)\ whe x 
The logarithm of unity to any base is 


(Qk (b) 10 (c). e (d) O 
The logarithm of any number to itself as base is ........ 

(a) 1 (b) O (c) -l (d) 10 
loge=...... , Where e = 2.718 


(a) O (b) 0.4343 (c) © (d) 1 
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(vi) The value of log (2) ee SEES 





log p 
(a) logp-—logq (b) log g 
(c) logp+logg (d) logq-—logp 
(vii) log p —log gis same as. ........ 
q e log p ( p ) 
(a) log ( 4) (b) log(p—-q) (©) og g (d) log q 


(viii) log (m") can be written as ........ 
(a) (log m)" (b) mlogn (c) nlogm_ (d)_ log (mn) 
(ix) log, a x log. b can be written as ........ 











(a) logic (b) log.a (c) log b (d) log,c 

(x) log, x will be equal to ........ 
log. x log, Z log. x log. y 
(a) log, Z log, z (c) log. y (d) log. x 


2. | Complete the following. 
(i) © For common logarithm, the base is ...... 


(ii) The integral part of the common logarithm of a number is 
called the ....... 


(iii) The decimal part of the common logarithm of a number is called the ...... 
(iv) If x=logy, then y is.called the ...... of x. 


(v) If the characteristic of the logarithm of a number is 2, that number will 
have ss.3; zero(s) immediately after the decimal point. 


(vi) If the characteristic of the logarithm of a number is 1, that number will 
have cs. digits in its integral part. 


3. Find the value of x in the following. 
(i) log,x=5 (ii) log,256=x 


(iii) log,,,5 = zt (iv) logg,x= = 
4. Find the value of x in the following. 
(i) logx=2.4543 (ii) ~=logx=0.1821 
(iii) log x = 0.0044 (iv) logx= 1.6238 
5. If log 2 = 0.3010, log 3 = 0.4771 and log 5 = 0.6990, then find the values of the 
following. 


(i) log 45 (ii) log 72 (iii) log 0.048 
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6. 


* 


Simplify the following. 
8.97)° x (3.95) 
(i) 425.47 Gi) 2/342.2 Gagne ae), 


415.37 


SUMMARY 
If a = y, then x is called the logarithm of y to the base a and is written as 
x=log, y, wherea>0,a#41andy>0. 
If x = log, y, then a = y. 
If the base of the logarithm is taken as 10, it is known as common logarithm and if 
the base is taken as e (~2.718) then it is known as natural or Naperian logarithm. 


The integral part of the common logarithm of a number is called the characteristic 
and the decimal part the mantissa. 


(1) For a number greater than 1, the characteristic of its logarithm is equal to the 
number of digits in the integral part of the number minus one. 


(ii) For a number less than 1, the characteristic of its logarithm is always negative 
and is equal to the number of zeros immediately after the decimal point of the 
number plus one. 


When a number is less than 1, the characteristic is always written as 3, 2, 1 
(instead of —3, —2, —1) to avoid the mantissa becoming negative. 


The logarithms of numbers having the same sequence of significant digits have 
the same mantissa. 


The number corresponding to a given logarithm is known as antilogarithm. 
log, 10 = 2.3026 and loge = 0.4343 


Laws of logarithms: 
(i) log, (mn) =log, m+ log, n 


(ii) log, (™ - log, m—log,n 
(iii) log, (m")=n log, m 


(iv) log, n=log,n x log, b 


Unit 4 


ALGEBRAIC EXPRESSIONS AND 
ALGEBRAIC FORMULAS 


Unit Outlines 


4.1 Algebraic Expressions 

4.2 Algebraic Formulae 

4.3 Surds and their Application 
4.4 Rationalization 


Students Learning Outcomes 
After studying this unit, the students will be able to: 


Sa 


* 


© Ho © ine 


know that a rational expression behaves like a rational number. 


define a rational expression as the quotient S of two polynomials p(x) and 


q(x) where g(x) is not the zero polynomial. 
examine whether a given algebraic expression is a 
* polynomial or not, 

& rational expression or not. 


define oe as a rational expression in its lowest terms if p(x) and q(x) are 


polynomials with integral coefficients and having no common factor. 

examine whether a given rational algebraic expression is in lowest from or not. 

reduce a given rational expression to its lowest terms. 

find the sum, difference and product of rational expressions. 

divide a rational expression with another and express the result in its lowest 

terms. 

ifind value of algebraic expression for some particular real number. 

know the formulas 

(a+b) +(a—b) =2a +b), 

(a+ by’ —(a—by =4ab 

® find the value of a? + b? and of ab when the values of a + b and a—b are 
known. 

know the formula 
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(at+b+cy =a’ +b? +c? + 2ab + 2be + 2ca. 


° find the value of a” + b? + c* when the values of a+ b + c and 
ab + bc + ca are given. 


° find the value of a + b +c when the values of a” + b? + c” and 
ab + bc + ca are given. 


& find the value of ab + bc + ca when the values of a* + b? + c? and 
a+b +c are given. 


* know the formulas 
(a+ by =a’ + 3ab(a+ b) +b’, 
(a — by = a° — 3ab(a — b) —b’, 
e find the value of a° + b° when the values of a + b and ab are given. 


| ] 
) find the value of x° + %. 3 when the value of x +— x18 given. 


* know the formulas 
a+b’ =(atb) (a tab +b’). 


1 
é find the product of x + and x* +—5~ 1. 


e __ find the product ofx-and x? +541 


® find the continued product of 
(x+y) ey) OF + xy ty")? —xy ty). 
* recognize the surds and their application. 


explain the surds of second order. Use basic operations on surds of second 
order to rationalize the denominators and evaluate it. 


explain rationalization (with precise meaning) of real numbers of the types 


i iat! d thei binati here x and y are natural numbe 
—— . rs 
a4 bx|x afx fy and their combinations w x y a 


and a and b integers. 


4.1 Algebraic Expressions 
Algebra is a generalization of arithmetic. Recall that when operations of 
addition and subtraction are applied to algebraic terms, we obtain an algebraic 
2 3 
expression. For instance, 5x° — 3x + Ai and 3xy + < (x #0) are algebraic expressions. 


Polynomials 
A polynomial in the variable x is an algebraic expression of the form 
POySae 44,40 +6,50"7 +. ..4 t+ Bey FO OO ee (i) 
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where n, the highest power of x, is a non-negative integer called the degree of the 
polynomial and each coefficient a is a real number. The coefficient a, of the highest 
power of x be = called the leading coeffi cient of the polynomial. The expression 
2x"y° 4+ xy" + 8x is a polynomial\in two variables x and y and has degree 7. 

ae the study of similar properties of integers and polynomials w.r.t. addition 
and multiplication, we may say that polynomials behave like integers. 


Self Testing 
Justify the following as polynomial or not a polynomial. 
(iy. 3x4 8x4 5 Gi) +12 +5x-3 
Pe. 
(ii) x +.x-4 ivy) Stat 


4.1.1 Rational Expressions Behave like Rational Numbers 


! a. 
Let a and b be two integers, then p is not necessarily an integer. Therefore, 


number system is extended and ' is defined as a rational number where a, b € Z and 
b#0. a 


Similarly, if p(x) and g(x) are two polynomials, then - is not necessarily a 


polynomial, where g(x) # 0. Therefore, similar to the idea of rational numbers, 
concept of rational expressions is developed. 


4.1.2 Rational Expression 
The quotient a of two polynomials p(x) and g(x), where g(x) is a non-zero 


polynomial, is called a rational expression. 


For example 3x + 8 #0 is a rational expression. 


2x +1 
> 3x+8? 
In the rational expression P He , p(x) 1s called the numerator and g(x) is known as 


the denominator of the rational expression oe . The rational expression oe need not 


be a polynomial. 
Note: 





Every polynomial p(x) can be regarded as a rational expression, since we can 
Bix) ) 7 





write p(x) as ——. Thus, every polynomial is a rational expression, but every rational 





expression a not be a polynomial. 
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Self Testing 
Identify the following as a rational expression or not a rational expression. 


x 90 +16 3x +8 e+ axt5 a eae 
) > sgatqiad he Popa elie Pp apee le ) 3241 
4.1.3 Properties of Rational Expressions 


The method for operations with rational expressions is similar to operations 
with rational numbers. 


Let p(x), g(x), r(x), s(x) be any polynomials such that all values of the variable 
that make a rational expression undefined are excluded from the domain. Then 
following properties of rational expressions hold under the supposition that they all 
are defined (i.e., denominator(s) # 0) 











(i) oG) - = ~~ : if and only if p(x) s(x) = g(x) r(x) (Equality) 

(ii) - - e = ee (Cancellation) 
(iii) a ou a = a (Addition) 

(iv) oa ii a = ya (Subtraction) 
(v) es | = : : Ae (Multiplication) 
uy 0 A eo ii 
(vii) Additive inverse of 2 exe is— ne 

(viii) Multiplicative inverse or reciprocal of oG) at is oe. p(x) #0, g(x) #0. 


4.1.4 Rational Expression in its Lowest form 


The rational expression ae is said to be in its lowest form, if p(x) and q(x) are 


polynomials with integral coefficients and have no common factor. 


pie ae ee 
For example, Pige is in its lowest form. 


4.1.5 To examine whether a rational expression is in lowest form or not 


To examine the rational expression P oe . find H.C.F. of p(x) and q(x). If H.C.F 


is 1, then the rational expression is in lowest form. 
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—1 
For example, 5 = is in its lowest form as H.C.F of x — 1 and x°'+ 1 is 1. 


4.1.6 Working Rule to reduce a rational expression to its lowest terms 
p(x) 

q(x) 

StepI __ Factorize each of the two polynomials p(x) and q(x). 

Step II Find H.C.F of p(x) and g(>). 


Step [II Divide the numerator p(x) and the denominator g(x) by the H.C.F. of p(x) 
and g(x). The rational expression so obtained, is in its lowest terms. 


Let the given rational expression be —— 


In other words, an algebraic fraction can be reduced to its lowest form by first 
factorizing both the polynomials in the numerator and the denominator and then 
cancelling the common factors between them. 


Example | 
Reduce the following algebraic fractions to their lowest form. 
. lx + mx — ly — my a Bx" + 18x 4 27 
0 ae eae 
Solution 
(i) Ix +mx—ly—my _ x(1+m)—y(l+m) 
; ax By 3 - y) 
_ (l+m) (x—y) Ts 
364 ee (factorizing) 
_ l+m 
~ 3c+ yp) ke Gieitierierk oe (cancelling common factors) 


which is in the lowest form. 
3x°4+18x4+27 3x7 + 6x+9) 


(i1) 5 Ae = ba Nise Bess (monomial factors) 
3 3)(x+3 = oi 
= orien Phe (factorizing) 
_ 34 +3) 


mE ray teens (cancelling common factors) 


which is in the lowest form. 
4.1.7 Sum, Difference and Product of Rational Expressions 


For finding sum and difference of algebraic expressions containing rational 
expressions, we take the L.C.M. of the denominators and simplify as explained in the 
following examples by using properties stated in 4.1.3. 
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Example 1 au 
bi} ] 2x iv ] 
aS 7 z f epee a aetna ele 
Simplify (i) ay ia (ii) Y= 16 vla eee 
Solution 
] 1 2x 1 J 2x 
(1) a re 


x-y x+y P-y x-y x+y @+)G-») 
_x+y-@-y)+2x 
(x + y) (x—y) 
_x+yrxtyt2X 
(x + y) (x-y) 
Deni? BT, Ses 
A PS) ae 
ee xy 
3 = 1 
G@) Fa46 Pat x42 
2x x 1 


a TED Goo we Te Pats: (difference of two squares) 
wg x Le 


(L.C.M. of denominators) 





(cancelling common factors) 


4 2x = Bs Pp GPE RFE 2) 2x? ~ x — 4x 42° 4+4x- 27 —8 


(x* + 4) (x + 2) (x—2) (x* + 4) (x + 2) (x~ 2): 
—8 pete 
= +4) (242) @—2) (on simplification) 
winters unsocve arene 
(x +4) =Dy-ai db 
Example 2 7 
ae 

Find the product oe ees (in simplified form) 

Solution 


x42. 4°-9y _(x+2) [(20?- Gy)’] 
Sane 3y xy + 2y ~ eer 2iy = 3) G+ Dy (monomial factors) 
_ (+2) 2x +3y) 2r- 3y) ti 
= a Oe | (factorizing) 
i 2x + 3y 
y 








- (reduced to the lowest form) 
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4.1.8 Dividing a Rational Expression with another Rational Expression | 

In order to divide one rational expression with another, we first invert for 
changing division to multiplication and simplify the resulting product to the lowest 
terms. 





Example 
aR LY 7 —4x4+4° 7-4 
Solution | 
tea es re SB 
x -4x+4 x -4 
—4 
= Perera . a Sea (changing division into multiplication) 
Txy (+2) -2) x 
=G=D G2) sien «itd Re (factorizing) ~ 
+2 
= : = rc 5 Pee (reduced to lowest form) 


‘4.1.9: Evaluation of Algebraic Expression for some particular Real Number 


Definition 
If specific numbers are substituted for the variables in an algebraic expression, 
the resulting number is called the value of the expression. 


Example ; 
3x4] y+6 
Evaluate 5a +y) ifx=—4 and y=9 
Solution 


We have, by putting x = —-4 and y = 9, 


axfy+6 _ 3(-4)/9+6 _3(16) (3) +6 _ 150 


S(x+y)  ———-« 55(-4 +9) 5(5) vad 
EXERCISE 4.1 . 
1. Identify whether the following algebraic cael: are polynomials 
(Yes or No). 
1 
(i) 3x 4+=-5 Gi) 3x =4 —m/x+3 





<ae 2 ; 3x 
(ili) x —3x+/2 (iv) 178 
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2. 


State whether each of the following expressions is a rational expression or not. 


3 2 
(i) 3x) x (ii) x —2x +13 


2 


3\/x+5 2+3x-x 
2 
Gi) == = ‘ s (iv) - : = : 
Reduce the following rational expressions to the lowest form. 
120 x°y°2 . sa(x+1 
apes (i a 
Gig ht y) Axy Gv) (x*-y’) (x — 2xy + y) 
| (x — y) —  &-y)@ +xyty) 

yy &+2) ae — 1) evi) emt 4x +4 

(x + 1) (x -4) | 2x —-8 
(vil) ss) GA = 6 (vill) ox’ — (= 4" 

(8x° + 8) (2x + 2) 4+3x-x 


—2z 





for 


(i) x=3,y=-l,z=—2.~—s (ii) x = -1l, y=-9, z=4 


3 
Evaluate (a) a 















































vy ase 
(6) fore 4 FESS 
Perform the indicated operation and simplify. 
15 4 Po hady= bey 
W y-By 3y— 2 OY Fete T+ de 

~ | 
ay ee SO ¥ y 2xy 
(111) Y—36 x+6 _ (Gv) 40 “x+y ¢_y¥? 
(v) x2 ee vi) i aS 

oe + 9 O18 cae ae, oi git ak ee ee age 
Perform the indicated operation and simplify. 

5x+2 4x—12 18 — 2x" 

— 49 Ly See aa O™ 
@) y x47 ike aw: x + 6x49 

6%6 
tet ae ue Gee 92 4 : ent x+5 
(iii) >— 7 Bi +x yy +y) (iv) gaat I aeX 

2 

c+ x + x =x 

(v) xy xy. 


yx +y) y+ y)~ xy—2y 
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4.2 Algebraic Formulae 
4.2.1 Using the formulas O 
(i) (@+b)'+(@-b)y =2@ +b?) and (a+b)’-(a—b) =4ab 
The process of finding the values of a’ + b’ and ab is explained in the following 
examples. 


Example 
If a+b=7 and a—b =3, then find the value of (a) a7 +b" (b) ab 


Solution 
Weare giventhata+b=7 and a-—b=3 


(a) To find the value of (a’ ~ b’), we use the formula 
(a+b) + (a—by =2(a’ +b’) 
Substituting the values a + b = 7 and a— b = 3, we get 
(7) +(3)° =2(a’ +b’) 


= 49+9 =2(a° +b’) 
=> CS sta spy 2h (simplifying) 
=> TOs ede ea: (dividing by 2) 


(b) To find the value of ab, we make use of the formula 
(a+ by? —(a- by’ = 4ab 


=) (7) ~ (3)° oc .':  e S Se (substituting given values) 
=> 49-9 =4ab 

=> 40 =4ab nn. (simplifying) 

ay TO). Sap es RA, (dividing by 4) 


Hencea’+b°=29 and ab=10. 
(ii) (a+b+c) =a’ +b? +0" + 2ab + 2bc + 2ca 
This formula, 6 a of a trinomial, involves three expressions, namely; 


(a+b+c), (a’ +b +e * and 2(ab + be + ca). If the values of two of them are known, 
the value of the third expression can be calculated. The method is explained in the 
following examples. 


Example 1 
If a’ +b’ +c’ = 43 and ab + be + ca =3, then find the value ofa+b +c. 
Solution 
We know that. 
(a+b+cy =a’ +b? +c’ +2ab+2be+2ca 
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=> (atb+c) =a +b +c + 2Aab+be +ca) 
=> (at+bt+c) =43+2x3 (Putting a’ +b’ +c =43 and ab + be + ca = 3) 
> (a+b+cy =49 
= at+b+c=+/49 
Hence a+b+c=+7 
Example 2 
Ifa+b+c=6anda +b +c =24, then find the value of ab + bc + ca. 
Solution 
We have 
(at+b+c) =a +b +c + 2ab+2be+2ca 
(6) = 24 + 2(ab + be + ca) 
=> 36=24+2(ab + bc + ca) 


=> 12=2(ab+bc+ca) 
Hence ab+bc+ca=6 


Example 3 

Ifa+b+c=7 and ab + be + ca =9, then find the value of a +b’ +c’. 
Solution 

We know that 

(a+b+c) =a +b’ +c +2ab+2be + 2ca 

> (a+bt+cl=a +b +c +2Uab+be+ca) 

> (~sa+b +c +29) 

> 49=a +b +c +18 

> 3lad@+D +e 


Hence a? +b’ +c’ =31 
(iii) (a+b) =a° + 3ab(a+b) +b 

(a — by =a° — 3ab(a —b) —b” 
Example 1 

If 2x — 3y = 10 and xy = 2, then find the value of 8x° — 27y’. 
Solution 

Weare giventhat 2x—3y=10 
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= : (2x—3yy =(10)° 
= 8x —27y' -3x 2x x 3y(2x—3y) = 1000 
=> 8x° — 27y — 18xy(2x —3y) = 1000 
= 8x7 -27y?-18x2x10 = 1000 
=> 8x —27y — 360 = 1000 
Hence 8x°-27y = 1360 


Example 2 


1 
Ifx+—= 8, then find the value of x ge 


Solution 


] 
We have been given x+ Pix 8 


1 3 
— (x+2) = (8) 
ee 1 | 
oa < eteXeX x+5 =S3i2 
| cy 1 
=> x +3+3X| x4+—) =512 
- X 
ars 
=i x 407% Ge dak Rey) 4 
3 oe 
kee x rat oF = 512 
3 4 
Hence x ee: = 488 


Example 3 


ies 4, then Feil chance 
x x 


Solution 


We have x-t=4 


. 1 
— (x-+) = 64 
> v-4-3(x-+] = 64 
7 Xx 
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i 
=" x3 34)" S64 
a tier 
= x -z-12 =64 
x 
Pag | 
ae x —-=z =64+12 
; 
atk 
=> x ——z =716 
x 


(iv) a +b>=(atb) @ x ab +b’) 


l l 
The procedure for finding the products of (x z 1) and x” + i: = lis also 


explained in the following examples. 
Example 1 
Factorize 64x° + 343y° 
Solution 
We have 
64x° + 343y° = (4x) + (yy 
= (4x + Ty) [(4x)’ - 4x) (Ty) + 7] 
= (4x + Ty) (16x — 28xy + 49y°) 
Example 2 
Factorize 125x° — 1331y" 


Solution 
We have 
125x° — 133ly’ = (5x) - (ly) 
= (5x — 11y) [(5x)° + (5x) (11y) + (1p) 
= (5x — lly) (25x" + 55xy + 121y’) 


Example 3 
2, 3 Af PE 
Find the product c x+ >| Se not Sas “4 
Solution 


2.2) (fe 
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Example 4 
; + 5 16 9. 25 
Find the product (Sx -2) Ge + Get q 


Solution 
( 2) 16 2 Vas 1 
5 T4x/)\ 25° Tyee? 
‘ x lox, 25 te, 
tee 75 + 1+ 16x (rearranging 
«a )l(3*) +(S2)()+(S)] 
4x JIMS) TAS) ax) Fae 
x} (2)=-Se 125 
.. 4x ie to 64x 
Example 5 


Find the continued product of (x + y) (-y) (x + xy+ y) (x —xy + y) 


I I. 
Ce Wh a, ek Lae 
OE AIR UNA SD 


Solution 
(x+y) (x-y) @ +2y ty") -ay ty) 
= (x+y) (x —xy+y") (xy) @ +2y+y?) (rearranging) 
=(x"+y’) -y)=@)-(y=x° 
EXERCISE 4.2 

l. (i) Ifa+b=10anda-—b=6, then find the value of (a’ + b’). 
(ii) Ifa+b=5,a—b=4/17, then find the value of ab. 
If a’ +b’ +c’ = 45 anda+b+c=-l, then find the value of ab + be + ca. 
Ifm+n-+ p= 10 and mn + np + mp = 27, then find the value of m? +n? +p”. 
Ifxt+y +7 = 78 and xy + yz+ z= 59, then find the value of x + y +z. 


- Ifx+y+z=12andx +y +7 a4; then find the value of xy + yz + zx. 


AS wR ey 


If x + y=7 and xy = 12, then find the value of x° +y 
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7. If 3x+4y=11 and xy = 12, then find the value of 27x° + 64y’. 
8. If x — y = 4 and xy = 21, then find the value of x —y° 
9. If 5x—6y = 13 and xy =6, then find the value-of 125x° — 216y’. 


1 1 
10. Ifx+—=3, then find the value of x° + 





x 
1 5 pd: 
Li lfix- >= 7, then find the value of x 3 
1 
| ABC ( 3x + +) = 5, then find the value of { 272" ~ ae 
3x 27x 
1 
‘3; if Sx — 5 +)= 6, then find the value of 125x° — 1503 4 
14. Factorize (i) x — y —x+ (11) x — wo 
y 27° 
15. Find the products, using formulas. 
i) @+y)Q'-xy+y).  @ C-y)O?+xy' +y’) 


(iii) #-y) @+y) C+) C+aytyY OC -wty)@-xy ty) 
(iv) (2x? — 1) (2x7 + 1) (4x4 + 2x7 + 1) (4x° - 2° + 1) 


4.3 Surds and their Application | 
4.3.1 Definition 
An irrational radical with rational radicand is called a surd. 


Hence the radical ‘la is a surd if 
(i) ais rational, (ii) the result ‘la is irrational. 


e.2., Sr ata 


But NE and \) ys +17 7 are not surds because 7 and 2 + 77 are not rational. 





Note that for the surd Ta n is called surd index or the order of the surd ssp the 
rational number ‘a’ is called the radicand. VTi is third order surd. 





Every surd is an irrational number but every irrational number is not a surd. 


e.g., the surd A/5 is an irrational number but the irrational number NE is not a surd. 


Te F 
89 Mathematics 9 


4.3.2 Operations on surds | 
(a) Addition and Subtraction of Surds 


Similar surds (1.e., surds having same irrational factors) can be added or 
subtracted into a single term is explained in the following examples. 


Example - 

Simplify by combining similar terms. 
(i) 43 —3\/27 + 2\75. . Gi) +4128 — 4/250 + 432 
‘Solution ) 


(Gi) 4/3 —3\/27+ 27% 
= 44/3 — 3/9 x3 + 2/25 x 3 = 4/3 — 3/9 1/3 + 24/25 x V3 
= 4/3 — 0/3 + 103 = (4-9 + 10) (3 = 53 
(ii) +128 — (250 + [432 
= \64 x 2-125 x 2 +4/216 x2 
= (4 x2-VGPx2+V6ex2- 
= V4) \2-VOY 2+ VO V2 
= 4\/2— 54/2 + 6/2 = (4-5 + 6) 2 = 52 


(b) Multiplication and Division of Surds 


We can multiply and divide surds of the same order by making use of the 
following laws of surds 


and the result obtained will be a surd of the same order. 


If surds to be multiplied or divided are not of the same order, they must be reduced to 
the surds of the same order. 


Example 
Simplify and express the answer in the simplest form. 


6 
@ Vays V2 
V3 V2 
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Solution 
Gi) 1435 =14 x 35 =/7x2x7x5=V (7 x2x5 
(7)? x 10 =\/(7)? x10 = 7/10 
Vi12 
(ii) Wehave 's 
BYP 

For 4/3 2 the L.C.M. of orders 2 and 3 is 6. 

Thus 1/3 = (3)! = (3) =4/33 = 4/27 

and ae (2)'? = i ve pie 


Its =e form is 


GF ‘epepeil 


EXERCISE 4.3 
1. Express each of the following surd in the simplest form. 
(i) 180 (ii) 3162 
3 
(ii) 7 V128 iv) *foexy'2 
2. Simplify 
I V V 5 
@ 38 @y ZEN (iii) (243 xy"? 2 
V3 V2 63 
43 
(iv) = 125 (v) 21x 7x3 


3. Simplify by combining similar terms. 


(i) 45 -—3/20+ 4/5 (ii) 4/12 + 5/27 —3,\/75 + 


(iii) (3 23 + 3y3) (iv) 2@6/5- 35) 


4. Simplify 


(i) (3 +73) (3-3) Gi) (5 +3) 





300 
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see ll 1 1 

as wy oS ee 
(iii) (5 +3 5 V3 ) (iv) 3 + 3 (3 3 
(v) af + aly yalx ~ aly \(x + yx" + y) 


4.4 Rationalization of Surds 
(a) Definitions 
(i) A surd which contains a single term is called a monomial surd. e.g., 4/2, \/3 etc. 


(ii) A surd which contains sum of two monomial surds or sum of a monomial surd 
and a rational number is called a binomial surd. 


oy A 4/3 +37 or /2+5 ory/11— 8 etc. 
We can extend this to the definition of a trinomial surd. 


(iii) If the product of two surds is a rational number, then each surd is called the 
rationalizing factor of the other. 


(iv) The process of multiplying a given surd by its rationalizing factor to get a 
rational number as product is called rationalization of the given surd. 


(v) Two binomial surds of second order differing only in sign connecting their 
terms are called conjugate surds. Thus ala + \/b) and aja - |b) are conjugate 
surds of each other. 

The conjugate of x + a/y isx- sly. 
The product of the conjugate surds sla + a/b and sla _ |b, 
(Ya +b) Oa - Vb) = Wa)? - a/b)? = a -b, 


is a rational quantity independent of any radical. 


Similarly, the product of a + b\|m and its conjugate a — by/m has no radical. For 
example, 

(3 +5) 3 —+/5) = 3)?- @/5)2=9-5=4, which is a rational number. 
(b) Rationalizing a Denominator 

Keeping the above discussion in mind, we observe that, in order to rationalize a 
denominator of the form a + by|x (or a — bx), we multiply both numerator and 


denominator by the conjugate factor a — bn|x (ora+ b|x). By doing this we eliminate 
the radical and thus obtain a denominator free of any surd. 


ste 1 
(c) Rationalizing Real Numbers of the Types A RS Pal ; aeade A 


1 
For the expressions 3 3 Ora my? and their combinations, where x, y are 


natural numbers and a, _ are integers, rationalization is explained with the help of 
following examples. 
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Example 1 


58 
Rationali 
| ationa us the denominator 7 _ o/s 
Solution 


To rationalize the denominator, we multiply both the numerator and 
denominator by the conjugate (7 + 2/5 5) of (7 — 2/5), Le: 
=| cei he + JS _ 58(7 + 2/5) 
TOWNS 7-25 7425 (TONS) 
58(7 + 2/5) 


sig al ae (radical is eliminated in the denominator) 


_ 380 4 raha ~ 274 anJ5) 





Example 2 


2 
Rationalize the denominator 5 +2 
5+v2 


Solution 
Multiply both the numerator and denominator by the conjugate afs ~ \{2) of 
(5 +-V2), to get 
2 2 NS =v2__20/5-y2) _ 20/5 --V2) 
V5 +42 tee “V5- = (¥5P- G2" 572 
“5 


Example 3 


simplify Res RA EE 


Solution 
First we shall rationalize the denominators and then simplify. We have 
6 4/3 a 
BAe Bi Ve 
6 23 + V6, [6 aoe A/D @ 4/3 6 + (2 
“ABV A+ Yo B+V2 3-2 Vo-V2 Vo+V2 
6(2\/3 +6) Nee — 2) 4/3 [6 +12) 
"QB = ale? aay al2? Cler-a2y 
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Rl ee a ee 
o— 


= ee 





Example 4 
| 4+ 3/5 
. =X+yYy > 
Find rational numbers x and y such that 43 5 V5 
Solution 
We have 


44+3y5  44+3y5 Rts oe (4 + 3/5)’ 
4-3/5 4-3/5 443\5 (4°—@GV5) 


16 +245 +45 _ 61+ 24/5 


16-45 “29 


P E > - 79 cade ee =X +yv/5 (given) 
Hence, on comparing the two sides, we get 


tae 
Oe a8 


Example 5 
Ifx=3+ 4/8, then evaluate 
(i) r+ and (ii) 245 
Solution 
Since x=3+ 4/8, _— 
dyececned 32N8__ 3-18 
x 


348 — se 3-8 ()-«@/8) 
35 Bane LAY AF 





(i) r+ Se 
(i) (x42) = 36 
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i, rere nt sts heheh Athena EOE ONTO 


(i) 


GED 
or x +2xx7 +3 = 36 


= 34 


aS as 


? 
x + 


EXERCISE 4.4 


Rationalize the denominator of the following. 

fli oh Ran: eee. | 1 

(i) ri 3 (ii) 1% (ili) y: wi (iv) 34 n/5 
31 ae (vi) 5 7 (vil) oF a (vill) V5 7 3 


Find the conjugate of x + fy , 
(Gi) 3+7 Gi) 24/5 0G) 24-3 (iv) 2+°/5 
(vy) 5+7 (vi) 4-4/15. (vii) 7--/6 (viii) 9 +/2 


1 1 
(i) Ifx=2-13, find (ii) Ifx=4- 17, find 


1 
(iii) Ifx=-/3 +2, findx + 








Simplify 
MEN: "B- “i 243 V5-V3 2+75 


e 29 
ROB EAE Be 


l 1\ 
(1) If x=2+-/3, find the value of x-tand ( x—* ] 


\ = 1 1 
Gi) Ifx= : 2 | find the value of x + +>x2 +g and x +4 
[5 +2 Pa x 


(Hint: a? + b? = (a+b) —2ab and a’ + b° = (at b) — 3ab(a + b)| 


[3-1 set! rea 


Determine the rational numbers a and b if 341 * 3-1 





REVIEW EXERCISE 4 
Multiple Choice Questions. Choose the correct answer. 
4x + 3y — 2 is an algebraic ......... 
(a) expression (b) sentence (C) equation (d)  inequation 


(ii) The degree of polynomial 4x* 4+ 2x*y sz. ti 


(a) 1 (b) 2 (c) 
(ili) a+b’ is equal to ..a7. 4. 

(a) (a—b)\(a +ab+b’) (b) 

(c) (a—b)(a’ —ab+b’) (d) 
(iv) (3 ++/2)G —+/2) is equal to ......... 

(a) 7 (se (c) 


(v) Conjugate of surd a+ a/b Sp: ... ML. 


(a) -a+Vb (b) a-vVb (©) 


eee 1 
(vi) sy | Fab 1S equal to Le apetye 


2a 2b 








(c) 


—b 
(vii) Sree is equal to ......... 


(a) (a-b) (b) (a+b) (©) 
(Viil) la + NP fa - sb ) is fo ene 

(a) a 7 +b’ (b) a eG (c) 
2. Fill in the blanks. 


(i) The degree of the polynomial xy + 3xy + y is 


Gi ine A= . Bercbin 
PS | 
(1i1) ¥4a=(x+5]( jaye ee) ) 


(iv) 2(a> +b) = (atb)>+ (..0.ceeeeee. is 


(v) (x-4) =, LUeWy 


(vi) Order of surd x ‘apne Pode 


ed Sa 
(vil) 2-3 


pus 1 
13, oe 3. find (i)x+5 jii)x +4 
a x x 


1 
tre : = 2, find (i) x” +> . Gi) x! +-Z - 
bik x x 


(a+ b)(a’ — ab +b’) 
(a- b)(a + ab — b’) 





(d) 


(d) 


(d) 


(d) 


(d) 


la -Vb 





a+b 





Find the value of x° + y° and xy ifx+y=5 andx—y=3. 
If p=2+-/3, find 


(i) pts (ii) p-> 

(iii) p+ (iv) p- 
If g=-/5 +2, find 

@) +2 (i) q-2 

Gi) P+ (iv) ¢-4 


Simplify 

(i) 6+ 2 ele +2 (ii) 1 ] 

i ————— —yAy eS OE SS 
. + 2—Nia aia x atVa—x 
SUMMARY 


An algebraic expression is that in which constants or variables or both are 
combined by basic operations. 


Polynomial means an expression with many terms. 
Degree of polynomial means highest power of variable. 


(x) 


Expression in the form oa) , (q(x) # Q) is called rational expression. 


An irrational radical with rational radicand is called a surd. 


In Alx , n is called surd index or surd order and rational number x is called 
radicand. 


A surd which contains a single term is called monomial surd. 
A surd which contains sum or difference of two surds is called binomial surd. 


Conjugate surd of a)x + fy is defined as |x “e2 fy 


Unit 5 
FACTORIZATION 


Unit Outlines 
5.1 Factorization 
5.2 Remainder Theorem and Factor Theorem 
5.3. Factorization of a Cubic Polynomial 


Students Learning Outcomes 



























After studying this unit, the students will be able to: 
* recall factorization of expressions of the following types. 
® ka+kb+kc 
® ac + ad + bc + bd 
© a+2ab+b’ 
Pt ek be 
& a’ +2ab+b?-¢’ 
* factorize the expressions of the following types. 
Type I: 
a+a’b’+b* or a’+4b* 
Type II: 
Me +pxtg 
Type III: 
ax’ +bx+c 
Type IV: 
(ax* + bx +c) (ar + bx +d)+k 
(x+a)(x+b)(x+c)(x+da)+k 
(x+a)(x+b)(x+0) (e+ a +ke 
Type V: 
a’ + 3a°b + 3ab’ +b 
a’ — 3a°b + 3ab* — b° 
Type VI: | 
ath 
state and prove Remainder theorem and explain through examples. 
find Remainder (without dividing) when a polynomial is divided by a linear 
polynomial. 
* define zeros of a polynomial. 
* state and prove Factor theorem. 
use Factor theorem to factorize a cubic polynomial. 
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Introduction 


Factorization plays an important role in mathematics as it helps to reduce the 
study of a complicatéd expression to the study of simpler expressions. In this unit, we 
will deal with different types of factorization of polynomials. | 


5.1 Factorization 

If a polynomial p(x) can be expressed as p(x) = g(x)h(x), then each of the 
polynomials g(x) and A(x) is called a factor of p(x). For instance, in the distributive 
property 

ab + ac=a(b+c), 

a and (b + c) are factors of (ab + ac). 

When a polynomial has been written as a product consisting only of prime 
factors, then it is said to be factored completely. 


(a) Factorization of the Expression of the type ka + kb +ke 


Example 1 
Factorize S5a-—5b+5c 
Solution 
5a —5b+5c=S(a-—b+C) 
Example 2 . 


Factorize 5a —5b-— 15c 
Solution | 
5a —5b— 15c = 5(a—b—3c) 
(b) Factorization of the Expression of the type ac + ad + bc + bd 
We can write ac + ad + bc + bdas | 
(ac + ad) + (bc + db) 
=a(c+d)+b(c +d) 
=(a+b)(c +d) 
For explanation consider the following examples. 
Example 1 
Factorize 3x —3a+xy—ay 
Solution 
Regrouping the terms of given polynomial 
3x+xy-—3a-ay =x(3+y)- a(3 + y) (monomial factors) 
= (3+ y) (x-a) (3 + y) is common factor — 
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Example 2 
Factorize pgr+gr—pr-r 
Solution 
The given expression = r(pq + gr — pr—r) (ris monomial common factor) 
= r[(pq + gr) —pr-r] (grouping of terms) 
=rig(p+r)—rpt+nr)] (monomial factors) 
=r(p+t+r)(q-r) (p + r) is common factor 


(c) Factorization of the Expression of the type a’ +2ab +b° 
We know that 


(i) a’ + 2ab +b’ =(a+b)y =(a+b\(a+b) 
(ii) a —2ab+b =(a—by =(a—b)(a—b) 
Now consider the following examples. 


Example 1 
Factorize  25x* + 16 + 40x. 
Solution 7 
25x + 40x +16 = (5x) + 2(5x) (4) + (4) 
| = (5x +4) 
= (5x + 4) (5x +4) 
Example 2 ee | oi 
Factorize 127 — 36x + 7 see 
Solution | 
12x? — 36x +27 =3(4x"— 12x +9) 
= 3(Qx-3) 
= 3(2x — 3) (2x — 3) 


(d) Factorization of the Expression of the type aay 
For explanation consider the following examples. 

Example 
Factorize (i) 4x°-(2y—z) (ii) 6x’ — 96 
Solution : 
(Gi) 4x°-(2y-z)? = (2x) - 2-2)” 

= [2x — (2y — z)] [2x + Qy —z)] 

= (2x — 2y + z) (2x + 2y— 2) 
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(ii) 6x*-96 =6(x*- 16) 
= 6[(0°)° - (4)'] 
= 6(x — 4) (x7 + 4) 
= 6[(x) — (2)°] @? +4) 
= 6(x — 2) (x + 2) (x7 + 4) 
(e) Factorization of the Expression of the types a’ +2ab +b* —c’ 
We know that | 
a’ +2ab+b*-c =(at+by-(cyY =(atb—ciatb+c) 
For explanation consider the following examples. 
Example | 
Factorize (i) °+6x+9-4y (Gi) 1+2ab-a’-b’ 
Solution 
(Gj) x +6x+9-4y =(x+3)?—-(2y)’ 
= (x +3 + 2y) (x¥+3-—-2y) 
(ii) 1+2ab—a*—b* =1-(a’—2ab+b’) 
= (1)’—(a—by’ 
= [1 -(a—b)] [1+ (a-5)] 
=(1-—a+b)(1+a-bD) 


EXERCISE 5.1 
Factorize 
1. (i) 2abc—4abx + 2abd (ii) Oxy — 12x’y + 18y’ 
(iii) —3x’y — 3x + Oxy’ (iv) Sab*c* — 10a*b?c — 20a*bc* 
(v) 3x y(x—-3y)-Try(x-3y) (vi) 2xy*(x? +5) + 8xy"" + 5) 
2. (i) Sax-3ay—Sbx + 3by (ii) 3xy+2y-12x-8 
(iti) x°'+ 3xy — 2y = 67 (iv) (GP -y)z+(0%-2)x 
2 2 
3. (i) (1440? + 24a 41 (ii) - 2455 


(iii) (x+y) —14e(x+y) +492 (iv) 12° - 36x +27 


4: Gh ae ee (ii) x(x-—1)-y(y-1) 
(iii) 128am? — 242an* (iv) 3x—243x° 
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5. (i) x-y-6by-9 (ii) x -a’+2a-1 
(iii) 4.°-y’-2y-1 (iv) x -y’-4x-2y+3 
(v) 25x7-10x+ 1-362 (vi) x -y —4xz74+ 42 


(a) Factorization of the Expression of types a'+a’b’+b* or a’ +4b° 
Factorization of such types of expression is explained in the following 
examples. 


Example 1 
Factorize 81x° + 36x°y° + l6y" 
Solution 
Six’ + 36x y+ 16y" 
= 9x") + T2x°y” + (Ay) — 36x"y" 
= (9x" + 4y")’ - (xy) 
= (9x7 ~ 4y° + 6xy) (9x7 + 4y* — 6xy) 
= (9x* + 6xy + Ay’) (9x7 — 6xy + Ay’) 
Example 2 
Factorize 9x* + 36y" 
Solution 
Ox" + 36y" = 9x* + 36y" ~ 36x°y" _ 36x°y" 
= (3x")’ + 2(3x") (6y") + (6 — (Gy 
= (3x° + 6y') — (xy) 
= (3x + 6y” + 6xy)(3x" + 6y — 6xy) 
= (3x° + 6xy + 6y’) (3x° — 6xy + 6y) 
(b) Factorization of the Expression of the type x4 px+q 
For explanation consider the following examples. 
Example 
Factorize (i) —7x+12 (ii) x°+5x-36 
Solution 
(i) x -7x+12 
From the factors of 12 the suitable pair of numbers is —3 and —4 since 
(—3)+(-4) =-7 and (-—3)(—-4)=12 
Hence x*—7x+12 =x°-3x-4x+12 


Factorization 102 


= x(x — 3) —4(%-- 3) 
= (x — 3) (x--4) 
(ii) x°+5x-36 
From the possible factors of 36, the suitable pair is 9 and —4 because 
9+(-—4)=5 and 9x (-4) =—36 
Hence x* + 5x— 36 =x° + 9x— 4x — 36 
= x(x + 9) -—4(x + 9)? 
= (x + 9) (x-4) 
(c) Factorization of the Expression of the type ax’ +bx+c, a#0 
Let us explain the procedure of factorization by the following examples. 
Example | 
Factorize (i) 9x°+21x-8 (ii) 2x°-8x—-42 (iii) 10x —41xy+21y 
Solution 
(i) 9x +21x-8 
In this case, on comparing with ax+bx+c, ac= (9) (-8) =-—72 


From the possible factors of 72, the suitable pair of numbers (with proper sign) 
is 24 and —3 whose 


sum = 24+ (-—3)=21, (the coefficient of x) 
and their product = (24) (—3) =-72 =ac 
Hence 9x* + 21x-8 | 

= 9x* + 24x —3x-8 

= 3x(3x + 8) — (3x + 8) 

= (3x + 8) (3x-1) 

(ji) 2x°-8x-42=20° —4x-21) 

Comparing x — 4x — 21 with - + bx+c 
we have ac = (+1) (—21) =-—2 


From the possible factors of 21, the suitable pair of numbers is —7 and +3 whose 
sum =—7+3=-4 and product = (—7) (3) =-21 


- Hence x7 — 4x -— 21. 
=x +3x-7x-21 
= x(x + 3) —-7(x + 3) 
= (x +3) (x-7) 
Hence 2x” — 8x — 42 = 2(x* — 4x — 21) = 2(x +3) (x-7) 
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(iii) 10x*—41xy+21y’ 
This type of questions on factorization can also be done by the above procedure 
of splitting the middle term. 


Here ac =(10) (21) =210 
Two suitable factors of 210 are —35 and —6 
Their sum = —35 -6 = 41 
and product = (—35) (—6) = 210 
Hence 10x* — 41xy + 21y’ 
= 10x? — 35xy — 6xy + 21y’ 
= 5x(2x — Ty) —3y(2x — Ty) 
= (2x — Ty) (Sx — 3y) 
(d) Factorization of the following types of Expressions 
(ax? + bx +c) (ax* + bx +d)+k 
(x +a) (x +b) (x+e)x+da) +k 
(x +a) (x +b) (x +0) (x +d) +kx’ 


We shall explain the method of factorizing these types of expressions with the 
help of following examples. | 


Example 1 
Factorize (x7 — 4x —5) (x7 - 4x — 12) -— 144 
Solution 
(x — 4x — 5) (x —4x-12)- 144 
Let y=x —4x. Then 
(y-—5) (y—12)-144 =y'-17y-84 
=y’—2ly+4y-84 
= y(y — 21) + 4(y - 21) 
=(y-21)(y+4) 
=(x°-4x-21)(°-4x+4) (since y= x" — 4x) 
= (x° — 7x + 3x —21) (x —2/ 
= [x(x — 7) + 3(x- 7)] («- 2) 
= (x — 7) (x +3) (x-2) (x-2) 
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Example 2 | | 
Factorize (x + 1) (x +2) (x +3) (x+4)-— 120 
Solution 
We observe that 1+4=2 +3. 
It suggests that we rewrite the given expression as 
(x + 1) @+ 4)] [(& + 2) (x + 3)] — 120 
(x + 5x + 4) (x* + Sx +6) — 120 
Let x°+5x=y, then 
we get (y + 4) (y + 6) — 120 
= y+ 10y + 24-120 
=y’ + 10y — 96 
=y’ + l6y — 6y — 96 
= y(y + 16) — 6(y + 16) 
=(y + 16) (y—6) 
= (x7 + 5x + 16) (x? + 5x—6) since y= x" + 5x 
= (x + 5x + 16) (x + 6) (x-1) 
Example 3 


Factorize om — 5x + 6) (x74 5x + 6) — 2x" 
Solution 
(7 — 5x +6) (x°+ 5x +6) — 2x 


= [x —3x- 2x + 6][x + 3x+2x+6]- 2x 
= [x(x — 3) — 2(x — 3) [x(x + 3) + 2(x + 3)] — 2x" 
= [(x — 3) (v— 2)][@ + 3) (x + 2)] - 2x 
= [(x — 2) ( + 2)][@ — 3) (w+ 3)] -— 2x7 
= (x° — 4) (x° —9) - 2x 
=x" — 13x° +36-2x° 
=x — 15x" + 36 
=x° — 12x°— 3x + 36 
=x°(x° — 12) — 3(x’ - 12) 
= (x°~ 12) (x —3) 
= [(x) = (2V3 1 [ey - 4/3 7] 
= (x- 23) (+ 2y3) @-3) (+3) 
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(e) Factorization of Expressions of the following Types 
a? + 3a’b + 3ab* +b° 
a® — 3a*b + 3ab’ — b° 
For explanation consider the following examples. 
Example 
Factorize x° — 8y° — 6x’y + 12xy” 
Solution 
x — 8y° — 6x’y + 12x 
= (x)° — (2y)’ — 3(x)’ (2y) + 30) (2° 
= (x)? — 3(a)" (2y) + 3(@) (2y)? - (2)? 
= (x - 2yy’ 
= (x — 2y) (& — 2y) (« — 2y) 
(f) Factorization of Expresions of the following types a° + b° 
We recall the formulas, 
a’? +b = (a+b) (a? —ab +b’) 
a’ —b° = (a —b) (a? + ab +b’) 
For explanation consider the following examples. 


Example 1 
Factorize 27x° + 64y° 
Solution 
27x° + 64y> = (3x)? + (4y)? 
= (3x + 4y) [(3x)° — (3x) (4y) + (4y)7] 
= (3x + 4y) (9x* — 12xy + 16y”) 
Example 2 | 
Factorize 1 — 125x° 
Solution 


1—125x° =(1)?-(5xy 
= (1 — 5x) [(1)* + (1) (5x) + (5x)] 
= (1 — 5x) (1.+.5x +.25x’) 
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EXERCISE 5.2 


Factorize 


] 
i e@oncx t+m-3 


r (ii) 3x* + 12y* 


(iv) 4x*+81 (v) x +x°4+25 
2 (i) 2 +14x4+48 (ii) 
(iti) x?-11x-42 (iv) 
3. octets H12x45 (ii) 
(iii) 24x? -65x +21 (iv) 
(v) 4x?-17xy + 4y’ (vi) 
(vii) 5x” + 33xy— 14y’ 
4..- (i). G2? +5444) @& + 5x4+6)-3 
ii) OF — 4x) - 4e- 1) —20 
(iii) (x +2) (x+3) («+ 4) (x +5)-15 
(iv) (+4) (x—-5) @& +6) @-7) —504 
(v) (x+1) (x +2) (x4 3) (x4+6)-3x 
5° @ =x +48x-12°-64 (ii) 
(iii) x? — 18x + 108x — 216 (iv) 
6°. Gy: ZI+8e (ii) 
(iii) 64° +27y (iv) 


(iii) at + 3a°b* + 4b* 
(vi) x’ +4x7 + 16 


x — 21x + 108 
x +x-—132 


30x° + 7x-— 15 
5x° — 16x—21 
3x7 — 38xy — 13y" 


2 a] 
(Vill) (sx-+) + 4{sx-+] +4,x#0 


x 


8x? + 60x? + 150x + 125 
8x° — 125y° — 60x"y + 150xy” 


125x° — 216y° 
8x° + 125y° 


5.2 Remainder Theorem and Factor Theorem 


5.2.1 Remainder Theorem 


If a polynomial p(x) is divided by a linear divisor (x — a), then the remainder is 


p(a). 
Proof 


Let g(x) be the quotient obtained after dividing p(x) by (x — a). But the divisor 

(x — a) is linear. So the remainder must be of degree zero i.e., a non-zero constant, say 
R. Consequently, by division Algorithm we may write 
p(x) = (x— a) g(x) +R 

This is an identity in x and so is true for all real numbers x. In particular, it is 


true for x = a. Therefore, 


LCCC Met MALICS 
p(a)= (a-—a) gia) +R=0+R=R 
i.e., p(a)= the remainder. Hence the theorem. 
Note: Similarly, if the divisor is (ax — b), we have 
p(x) =(ax—b) qx)+R 
b 


7 8° that ax — b = 0, we obtain 
p(2)=0-4(2)+R=0+R=R 
Thus if the divisor is linear, the above theorem provides an efficient way of 
finding the remainder without being involved in the process of long division. 


5.2.2 To find Remainder (without dividing) when a polynomial is divided by a 
Linear Polynomial 
Example 1 
Find the remainder when 9x” — 6x + 2 is divided by 
(ij) x-3 (i) x+3 (iti) 3x+1 = (iv) x 
Solution 
Let p(x) =9x’-6x+2 
(i) | When p(x) is divided by x — 3, by Remainder Theorem, the remainder is 
R = p(3) = 9(3)? — 6(3) +2 = 65 
(ii) When p(x) is divided by x + 3 = x — (—3), the remainder is 
R = p(-3) = 9(-3)* — 6 (-3) +2 = 101 | 
(iii) When p(x) is divided by 3x + 1, the remainder is 


ned-A)of A) -a( F203 


(iv) When p(x) is divided by x, the remainder is 
R = p(0) = 9(0)? — 6(0) +2 =2 


Substituting x = 


Example 2 
Find the value of k if the expression x° + kx* + 3x — 4 leaves a remainder of —2 
when divided by x + 2. 


Solution 
Let p(x) =x + kx? + 3x-4 


By the Remainder Theorem, when p(x) is divided by x + 2 = x — (—2), the 
remainder is 


p(—2) = (-2)° + k(-2)’ + 3(-2) - 4. 
=-—8+4k-6-4 
= 4k — 18 


Factorization  —— i UE EEE ee 


By the given condition, we have 
p(—-2)=-2 => 4k-18=-2 > k=4 
5.2.3 Zero of a Polynomial 
Definition 


If a specific number x = a is substituted for the variable x in a polynomial p(x) 
so that the value p(a) is zero, then x = a is called a zero of the polynomial p(x). 


A very useful consequence of the remainder theorem is what is known as the 
factor theorem. 


5.2.4 Factor Theorem 

The polynomial (x — a) is a factor of the polynomial p(x) if and only if p(a) = 0. 
Proof 

Let g(x) be the quotient and R the remainder when a polynomial p(x) is divided 
by (x — a). Then by division Algorithm, 

p(x) = (x-a) g(x) +R 

By the Remainder Theorem, R = p(a). 

Hence p(x) = (x — a) q(x) + p(a) 
(i) Now if p(a) = 0, then p(x) =(« - a) g(x) 

1.e., (x—a) is a factor of p(x) 


(it) Conversely, if (x — a) is a factor of p(x), then the remainder upon dividing p(x) 
by (x — a) must be zero 1.e., p(a) = 0 
This completes the proof. 


Note: The Factor Theorem can also be stated as, “(x — a) is a factor of p(x) if and 
only if x = a is a solution of the equation p(x) = 0”. 


The Factor Theorem helps us to find factors of polynomials because it 


determines whether a given linear polynomial (x — a) is a factor of p(x). All we need 
is to check whether p(a) = 0. 


Example 1 
Determine if (x — 2) is afactor of x° — 4x” + 3x +2. 
Solution 
For convenience, let 
p(x) =x —4x°+3x+2 
Then the remainder for (x — 2) is 
p(2)= (2)° — 4(2)” + 3(2) +2 
=8-16+6+2=0 


ee Crake Ny | PR tan am vane oper Crven RY oan ise Te 

Hence by Factor Theorem, (x — 2) is a factor of the polynomial p(x). 
Example 2 

Find a polynomial p(x) of degree 3 that has 2, —1, and 3 as zeros (1.e., roots). 
Solution 

Since x = 2, —1, 3 are roots of p(x) = 0 

so by Factor Theorem (x — 2), (x + 1) and (x — 3) are the factors of p(x). 

Thus p(x) = a(x — 2) (x + 1) &@&— 3) 
where any non-zero value can be assigned to a. 

Taking a = 1, we get 

p(x) = (x-— 2) «+ 1) @-3) 
=x°—4x°+x+6 asthe required polynomial. 


EXERCISE 5.3 
1. | Use the remainder theorem to find the remainder when 
(i) 3x°- 10x + 13x-6 is divided by (x — 2) 
Gi) 4° -4x+3 is divided by (2x — 1) 
(iii) 6x*° +2 —x+2 is divided by (x + 2) 
(iv) (2x—-1)°? +6(3 + 4x)*-10 is divided by (2x + 1) 
(v) x» —3x°+4x-14 is divided by (x + 2) 


2 (i) If («+ 2) isa factor of 3x* — 4kx — 4k’, then find the value(s) of k. 
(ii) If(x—1) isa factor of x — kx’ + 11x — 6, then find the value of k. 

3. Without actual long division determine whether 
(i) (x—2) and (x — 3) are factors of p(x) = Tie dx aiddx+i48. 

(ii) (x—2), (x + 3) and (x—4) are factors of g(x) =x° + 2x* — 5x- 6. 

4. For what value of m is the polynomial p(x) = 4x° — 7x° + 6x — 3m exactly 
divisible by x + 2? 

5. Determine the value of k if p(x) = kx + 4x* + 3x —4 and 
q(x) = x° — 4x + k leaves the same remainder when divided by (x — 3). 

6. The remainder after dividing the polynomial p(x) = x° + ax” +7 by (x + 1) is 2b. 
Calculate the value of a and b if this expression leaves a remainder of (b + 5) on 
being divided by (x — 2). 

7. The polynomial x° + lx? + mx + 24 has a factor (x + 4) and it leaves a remainder 
of 36 when divided by (x — 2). Find the values of / and m. 


F CAWEUM eeeeI $$ 
8. The expression Ix’ + mx” — 4 leaves remainder of —3 and 12 when divided by 
(x — 1) and (x + 2) respectively. Calculate the values of / and m. 


9. The expression ax’ — 9x” + bx + 3a is exactly divisible by x° — 5x + 6. Find the 
values of a and b. 
5.3 Factorization of a Cubic Polynomial 


We can use Factor Theorem to factorize a cubic polynomial as explained 
below. This is a convenient method particularly for factorization of a cubic 
polynomial. We state (without proof) a very useful Theorem. 

Rational Root Theorem 
n—-l 


Let ax’ tax +--+a,,x+a,=0, a,#0 


be a polynomial equation of degree n with integral coefficients. If p/q is a rational 
root (expressed in lowest terms) of the equation, then p is a factor of the constant term 
a,, and q is a factor of the leading coefficient dp. 


Example 

Factorize the polynomial 2° —4x*+x+6, by using Factor Theorem. 
Solution 

We have P(x) =x°— 4x7 + x + 6. 


Possible factors of the constant term p = 6 are +1, +2, +3 and +6 and of leading 
coefficient g = 1 are +1. Thus the expected zeros (or roots) of P(x) = 0 are 


a = +1, +2, +3 and +6. If x = ais a zero of P(x), then (x — a) will be a factor. 
We use the hit and trial method to find zeros of P(x). Let us try x = 1. 
Now P(1) =(1)?-4(1)*+1+6 

‘=1-44+1+6=40 

Hence x = 1 is not a zero of P(x). 
Again P(-1) = (—1)° —-4(-1)* -1+6 

=—1-—4-1+6=0 
Hence x = —1 is a zero of P(x) and therefore, 
x —(—1) = (x + 1) is a factor of P(x). 
Now P(2)=(2))-42)+2+6 

=8—16+2+6=0 => x=2isa root. 
Hence (x — 2) is also a factor of P(x). 
Similarly P(3) = (3)° — 4(3)° +3 + 6 
= 27 -—36+3+6=0 => x=3isa zero of P(X). 

Hence (x — 3) is the third factor of P(x). 
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Thus the factorized form of 
PO) =x - 4° +x4+6 
iS P(x) =(x+ 1) (x- 2) (x-3) 


-_ EXERCISE 5.4 
Factorize each of the following cubic polynomials by factor theorem. | 
lL. 2-2 -x4+2 2. x —-x-22x+40 3. xv -67 +3x4+10 
4 PA diet 8) OS. OA Sort. 6. Fe Aree 


Tes Be mag? 25320 ed 8. et ee Ox I 


REVIEW EXERCISE 5 . 
1. Multiple Choice Questions. Choose the correct answer. 


(i) The factors of xy —~ 5x46 ate ...;. 


(a) x+1,x-6 (b) x-2,x-3 
(c) x+6,x-1 (d) x+2,x+3. 
(ii) Factors of 8x° + 2Ty° RS 
(a) (2x +3y), (Ax" + 9y’/) (b) (2x -3y), (4x — 9y’) 


(c) (2x +3y), (4° -6xy+9y) (d)_ (2x —3y), (4° + Oxy + 9y’) 


(iii) Factors of 3x° = x 2 are .... 
(a) (x+1), 3x2) (b) (x+1), 3x+2) 
(c) (x«-1), (3x-2) (d) (x-1), (3x+2) 
(iv) Factors of a’ —4b' are ...... 
(a) (a—b),(a+b),(@ +40) — (b)_ (a — 2b), (a + 26’) 
(c) (a—b), (a+b), (a@—-4b) (dd) (a—2b), (a + 2b) 
(v) What will be added to complete the square of Oa" — Tab... 


(a) -16b (b) 16b° (c) 4b (d) 4b’ 


(vi) Find m so that x’ + 4x + mis a complete square ...... 


(a) 8 (b) -8 (c) 4 (d) 16 


(vii) Factors of 5x’ — 17xy - 12y ae Pia s5 | 
(a) (x+4y), Gx,+ 3y) (b) (x—-4y), Gx —- 3y) 
(c) (x—4y), (5x + 3y) (d) (Sx-4y), (x + 3y) 
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(viii) Factors of 27x°- a MO chi: 
x 


@) (ar-5), (97 +3 +5) (b) (ar+4) (o?+3+5) 


x 
0 (w-t}oe-ae8) (ae) (00-343) 


2. Completion Items. Fill in the blanks. 
Gyo KF SKF Oa wines 


Ga). win ths 


iii) 4a? + 4ab +i ) is a complete square 


(v) (x+ yx" —xy+ y) mae ia wia alg 

(vi) Factored form of Mo EIBSS = <caxw Gn 

(vii) If x—2 is factor of p(x) =x + 2kx + 8, then k=......... 
3.  Factorize the following. 


(i) x°+8x+16-4y (ii) 4x’ — 16y" 
(iii) 9x° +27x+8 (iv) 1-—642° 
1 
Hy (vi) 2y+5y-3 
2Ty 
(vii) x +x°-4x-4 (viii) 25m°n* + 10mn + 1 


(ix) 1-—12pq+ 36p q° 
SUMMARY 


If a polynomial is expressed as a product of other polynomials, then each 
polynomial in the product is called a factor of the original polynomial. 


The process of expressing an algebraic expression in terms of its factors is 
called factorization. We learned to factorize expressions of the following types: 


8 ka+kb+ke 

8 ac + ad + be + bd 
© a +t2ab+bh 

® a —b : 
© (a +2ab+b)-c 


ae: ee | 
© at+ab +b or a+4b' 
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* x + px+q 

6 ax’ +bx+c 

8 (ax + bx+c) (ae +bx+da+k 

3 (x+a)(x+b) (x+c)(x+d)+k 

© (xtalxt+di(xt+oxt athe 

® a’ +3ab+3ab+h 

® a’ — 3a°b + 3ab’ ay 

* ath 

If a polynomial p(x) is divided by a linear divisor (x — a), then the remainder is 
pa). 


If a specific number x = a is substituted for the variable x in a polynomial p(x) 
so that the value p(a) is zero, then x = a is called a zero of the polynomial p(x). 


The polynomial (x — a) is a factor of the polynomial p(x) if and only if p(a) = 0. 
Factor theorem has been used to factorize cubic polynomials. 


Unit 6 
ALGEBRAIC MANIPULATION 


Unit Gilinc 
6.1 Highest Common Factor and pet Common Multiple 
6.2 Basic Operations on Algebraic Fractions. 
6.3 Square Root of Algebraic Expression 


Students Learning Outcomes 


}After studying this unit, the students will be able to: 


* find Highest Common Factor and Least Common Multiple of algebraic 
expressions. 


* use factor or division method to determine highest common factor and Least 
Common Multiple. 


* know the relationship between H.C.F and L.C.M. 

* — solve real life problems related to H.C.F and L.C.M. 

* use highest common factor and least common multiple to reduce fractional 
expressions involving +,—,X,+ 

* _ find square root of algebraic expressions by factorization and division. 


Introduction 


In this unit we will first deal with finding H.C.F. and L.C.M. of algebraic 
expressions by factorization and long division. Then by using H.C.F. and L.C.M. we 
will simplify fractional expressions. Toward the end of the unit finding square root of 
algebraic expression by factorization and division are discussed. 


6.1 Highest Common Factor (H.C.F.) and Least Common ce 
(L.C.M.) of Algebraic Expressions 


6.1.1(a) Highest Common Factor (H.C.F.) 

If two or more algebraic expressions are given, then their common factor of 
highest power is called the H.C.F. of the expressions. 
(b) Least Common Multiple (L.C.M.) 


If an algebraic expression p(x) is exactly divisible by two or more expressions, 
then p(x) is called the Common Multiple of the given expressions. The Least 
Common Multiple (L.C.M.) is the product of common factors together with non- 
common factors of the given expressions. 


114 


115 Mathematics 9 : 


6.1.2(a) Finding H.C.F. 
We can find H. C. F. of given expressions by the following two methods. 
(i) By Factorization (ii) By Division 
Sometimes it is difficult to find factors of given expressions. In that case, 


method of division can be used to find H. C. F. We consider some examples to 
explain these two methods. 


(i) H.C.F. by Factorization 
Example 

Find the H. C. F. of the following polynomials. 

x -4,27 +4744, 27 +x-6 

Solution 

By factorization, 

x —4=(x+2)(x-2) 

x +4+4x4+4=(4+2) 

2x” +x — 6 = 2x? + 4x — 3x —6 = 2x(x + 2)—3(x +2) 

| = (x + 2) (2x-3) 

Hence, HGvRo=aeZ 
(ii) H.C.F. by Division 
Example 

Use division method to find the H. C. F. of the polynomials 

P(x)=x-7x?4+14x-8 and g(x)=x-7x+6 


Solution 






xr ~ Te 4 14x = 8 


+x — 7x +6 
. = + —— 


x =I1t +6 





— 7x’ + 21x — 14 
Here the remainder can be factorized as 
—~Tx + 21x — 145-72 — 3x +2) 
We ignore —7 because it is not common to both the given polynomials and 
consider x” — 3x + 2. | 
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x+3 





Hence H. C. F. of p(x) and g(x) is x7 -—3x+2 
Observe that 


(i) In finding H. C. F. by division, if required, any expression can be multiplied by 
a suitable integer to avoid fraction. 


(ii) In case we are given three polynomials, then as a first step we find H. C. F. of 
any two of them and then find the H. C. F. of this H. C. F. and the third 
polynomial. 

(b) Finding L.C.M. by Factorization 

Working Rule to find L.C.M. of given Algebraic Expressions 

(i) Factorize the given expressions completely i.e., to simplest form. 


(ii) Then the L.C.M. is obtained by taking the product of each factor appearing in 
any of the given expressions, raised to the highest power with which that factor 
appears. 


Example 
Find the L.C.M. of p(x) = 12(¢ — y’) and g(x) = 80° — xy”) 
Solution | 
By prime factorization of the given expressions, we have 
p(x) =120° -y")=2°x3x(e-y) tay 4y9) 
and. g(x) = 8(x° — xy") = 8x(x" — y’) = 2°x(x + y) (x-y) 
Hence L.C.M. of p(x) and g(x), 
2x3 xx(x+y) (x-y) (x + xy +y’) = 24x (x + y) (x -y’) 
6.1.3 Relation between H.C.F. and L.C.M. 
Example 
By factorization, find (i) H.C.F. (ii) L.C.M. of p(x) = 12@° ->x’) and 


q(x) = 8(x' — 3x° +2x°). Establish a relation between p(x), q(x) and H.C.F. and 
L.C.M. of the expressions p(x) and q(x). Lee 
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Solution 


Firstly, let us factorize completely the given expressions p(x) and g(x) into 
irreducible factors. We have 


p(x) =12@? ~ x") = 12x" @=1)=2°x3 xx @- 1). 
and g(x) = 8(x" — 3x + 2x) = 8x (x —3x+2)=2°>x (x-1) (x-2) 
H.CF. of p(x) and g(x) =2? xX (x- 1) = 4x? (x- 1) 
L.C.M. of p(x) and g(x) =2°x 3 xx*(x—- 1)(x-2) 
Observe that : 
p(x) g(x) = 12x" (x — 1) x 8x" (x - 1) (x- 2) 
= 96x° (x — 1)° (x—2) Per aie! Ss ies (i) 
and (L.C.M.) (H.C.F.) 
=[2°x3 xx" (x- 1) (x-2)] [4x (x-1)] 
= [24x* (x - 1) (x—2)] [4° &- 1)] 
a lak epee eo. a (ii) 
From (i) and (ii) it is clear that 


L.C.M. x H.C.F. = p(x) x g(x) 


Hence, if p(x), g(x) and one of H.C.F. or L.C.M. are known, we can find the unknown 
by the formulae, 


_ p(x) xX q@) _ p(x) Xq@) 
I. L:C.M, = HcF % H.C.F. = L.CM. 


Il. IfL.C.M., H.C.F. and one of p(x) or g(x) are known, then 
L.C.M. x H.C.F. 
q(x) ‘ 
L.C.M. x H.C.F. 
p(x) 
Note: L.C.M. and H.C.F. are unique except for a factor of (—1). 


p(x) = 


q(x) = 


Example 1 
Find H.C.F. of the polynomials, 


p(x) = 20(2x° + 3x" — 2x) 
g(x) = 9(5x" + 40x) 
Then using the above formula (I) find the L.C.M. of p(x) and q(x). 
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Solution 
We have 


p(x) = 20(2x° + 3x” — 2x) = 20x (2x" + 3x — 2) 
= 20x(2x° + 4x — x — 2) = 20x[2x(x + 2) — (x + 2)] 
= 20x (x + 2) (2x—-1) =2°x 5 xx (x + 2) (2x-1) 
g(x) = 9(5x" + 40x) = 45x(x° + 8) 
= 45x (x + 2) (° —2x +4) =5x 3° xx (x + 2) (x —2x +4) 
Thus H.C.F. of p(x) and g(x) is 
= 5x (x + 2) 


p(x) X g(x) 
Now, using the formula LC.M.u= a 


we obtain 


_ 2x5 xxax+2 2x — 1) x 5x3°x x(x + 2)(x? — 2x +4 
L.C.M. Sx(x+2) 


=4x5x9x x(x +2) (2x-1) (x — 2x44) 
——- = 180x (x + 2) Qx—-1). — 2x +4) 
Example 2 
Find the L.C.M. of 
p(x) = 6x° — 7x” — 27x + 8 and q(x) = 6x° + 17x° +9x-4 
Solution 
We have, by long division, 
6x°— 7x —27x+8 6x +17x + 9x -4 
6x 1 = Sie ee 
+ + + _ 


24x” +36x -12 
But the remainder 24x° + 36x — 12 
= 12(2x* + 3x—- 1) 
Thus, ignoring 12, we have 
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3x-8 


27° 43x-1 ) 62-72-27x4+8 


6x° + 9x" — 3x 
— _ + 


— 16x" — 24x +8 
— 16x* — 24x +8 
+ en re 


0 


Hence H.C.F. of p(x) and g(x) is = 2x" +3x-1 
_ By using the formula, we have 
‘  _ p(x) x q(x) 
LMT CCR: 


_ (6x) = Tx’ — 27x + 8) (6x" + 17x" + 9x— 4) 


2x° +3x-1 
- Gx ~ 7x — 27x +8 


3 2 
“Ee x (6x + 17x" + 9x-—4) 


= (3x — 8) (6x° + 17x" + 9x — 4) 

6.1.4 Application of H.C.F. and L.C.M. 
Example 

The sum of two numbers is 120 and their H.C.F. is 12. Find the numbers. 
Solution 

Let the numbers be 12x and 12y, where x, y are numbers prime to a other. 

Then 12x + 12y = 120 

le, x+y=10 

Thus we have to find two numbers whose sum is 10. The possible such pairs of 
numbers are (1, 9), (2, 8), (3, 7), (4, 6), (5, 5) ) 

The pairs of numbers which are prime to each other are (1, 9) and (3, 7) 

Thus the required numbers are 

EX 92-9 1a SZ, 7 R12 
i.e., 12, 108 and 36, 84. 
EXERCISE 6.1 

1. _ Find the H.CF. of the following expressions. 

(i) 39x7y3z and 91x°y°" (ii) 102xy’z, sSiye and 187xyz” 
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2. 


10. 


Ee: 


6.2 


Find the H.C.F. of the following expressions by factorization. 


(i) ~x°+5x+6, x -4x-12 

ii) S27 a= 27, 2H H18 

(iii) 2 —2x7 4x, 2° 42n-3, x7 4:3x—4 

(iv) 18(°-—9x*+8x), 240° —3x+2) 

(v) 36(3x* + 5x? —2x%), . 54(27x*—x) 

Find the H.C.F. of the following by division method. 


(i) 243x-16x412  , x +x°-10x+8 

ii) x4 42° Ax 4x — 3) — 5? SHITE 

Gii) 2x — 4x*- & , 042° = 3xt Sx 

Find the L.C.M. of the following expressions. 

(i) 39x’y*z and 91x°y°z’ (ii) 102xy"z, 85x*yz and 187xyz’ 


Find the L.C.M. of the following expressions by factorization. 

(i) x*—25x+ 100 and x’ —x—20 

Gi) x° + 4x44, +42 +x-6 

(iii) 2@x*-y*), 3@? + 2x’y — xy’ - 2y’) 

(iv) 4(Q4-1),6@°-2x°-x+1) 

For what value of k is (x + 4) the H.C.F, of x° +.x —(2k + 2) and 2x° + kx -12? 
If (x + 3) (x — 2) is the H.CF. of p(x) = (x + 3) (2° — 3x +k) and 

q(x) = (x —2) (3x* + 7x — 1), find k and 1. 


The L.C.M. and H.C.F. of two polynomials p(x) and q(x) are Ux" oe ) and 
(x+ 1) (x7 +1) respectively. If p(x) = =x +x°+x+1, find q(x). 


Let p(x) = 10(x? — 9) (2 — 3x + 2) and g(x) = 10x(x + 3) (x — 1)”. If the H.C.F. 


of p(x), g(x) is 10(x + 3) (x — 1), find their L.C.M. 

Let the product of L.C.M and H.C.F of two polynomials be 

(x + 3) (x — 2) (x + 5). If one polynomial is (x + 3) (x — 2) and the second 
polynomial is x +kx + 15, find the value of k. 

Wagas wishes to distribute 128 bananas and also 176 apples equally among a 
certain number of children. Find the highest number of children who can get the 
fruit in this way. | 

Basic Operations on Algebraic Fractions 

We shall now carryout the operations of addition, difference, product and 


division on algebraic fractions by giving some examples. We assume that all fractions 
are defined. 
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Example 1 
x+3 eee x+1 
et canalahated gated: Bos as 2 
Sap hhy OB BG IS Ww ag eR ys 5x 4G ” ae 
Solution 


x+3 x+2 x+1 
4 REIN 2" ons rae A I agra ig 
x -—-3x+2 x -4x4+3 x -—5x+6 
x x+3 x+2 x+1 
AA BAP SRG bP MN Mer P< SRR EhE iT. eenernAR 
x —-2x-x+2 x -—3x-x+3 x —3x-2x+6 
Me x+3 x+2 x+1 
x(x-2)-1(x-2) xax-3)-14-3) xax-3)-24-3) 
z x+3 - x+2 ti x+1 
(x-—2)(x-1) («-3)(«-1): («*-3)(-2) 
_ («+ 3)4—3) + @+ 20-2) ++ DG-)) 
(x — 1)(x — 2)(x —3) 
_x-94+x-44+7'-1 
(x — 1) & = 2) (443) 
- 3x°- 14 
(x -— 1) (x-2) &-3) 
Example 2 
~8 x +6x+8 
x) 
-4 x -2x+1 





3 

x 

Express the product as an algebraic expression reduced to 
“3 


lowest form, x # 2, —2, 1 

Solution | 
By factorizing completely, we have 
x -8 x +6x+8 
x -4 x -2x41 


_&- 2) (+ 2x + 4) x (x4 2) + 4) (i) 
1 


(x Die FDA Soy, * eee 


Now the factors of numerator are (x — 2), (x? + 2x + 4), (x + 2) and (x + 4) and 
the factors of denominator are 
(x — 2), (x + 2) and (x — hs 
Therefore, their H.C.F. is (x — 2) x (x + 2). 
By cancelling H.C.F. i.e., eae 2) (x + 2) from (i), we get the simplified form of 
(x + 2x +4) ee”) 


(x-1)° 


given product as the fraction 
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Example 3 
x +xtl x4 ; 
Divide ee iy +p by am ee and simplify by reducing to lowest forms. 
Solution 
2 3 
Wehauettet et ee 


x-9 Ae ae 


_+x4 1) | (= 4x + 3) 


a Oe 9) Oe pe eens (inverting) 
(x 4x41) GO" —2%- 3x43) oS 
or +a “sas So. ees litt ddle t 
(2-9) @ 1) (splitting the middle term) 


Dingle +2 ines nde ed 
(x+3)(x-3)@-D Gr +x41) *t3" 





x#~-3 


EXERCISE 6.2 
Simplify each of the following as a rational expression. 


x ox-66 x +2x-24 
ELMS Ty DE EB a 
x -9 x -x-12 
aero gi. 
xel etl. Yaad fi 
ae e Pe RT Le 
he 8 SRE RTM xe 9h - ES 
; (x +2) (%+3) | (x +2) (2x" — 32) 
: x -9 (x — 4) (x° —x-6) 
x+3 . 1 ee EX 
2x°+9x+9 2(2x-3) 4x°=9 





6. A-> cine n oo 
a 


—] 
5 | a4 2 |-|24+ 4 | 
x-2 2-x x+2 4-7 
8. | What rational expression should be subtracted from 


2x7 +2x-7 
x+x-6 














to get =? 
8 x-2° 
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Perform the indicated operations and simplify to the lowest form. 
9 x +x-6 x -4 
x —-x-6 x.-9 
x8 + 6x48 
= 4 624d 
x — 8x 22-4 xk)! 
2x” + 5x-3 x +2x4+4 x°-2x 


vai 2y +7Ty-4 _ 4y'-1 


3y’-13y+4 by +y-1 


2 2 2 2 
13. | ty 55 | + | SS 


x ¥ r+y ey RTS 


10. 


... 


6.3 Square Root of Algebraic Expression 
Definition 

As with numbers we define the square root of a given expression p(x) as 
another expression g(x) such that g(x) . g(x) = p(x). 

As 5 X 5 =25, so square root of 25 is 5. 


It means we can find square root of the expression p(x) if it can be expressed’as 
a perfect square. 


In this section we shall find square root of an algebraic expression 
(i) by factorization 
(ii) by division 
Example 1 
Use factorization to find the square root of the expression 
4x” —12x+9 
Solution We have, 4x” — 12x +9 | 
= 4x" — 6x — 6x + 9 = 2x(2x — 3) — 3(2x- 3) 
= (2x — 3) (2x -3) = (2x -3)° 
Hence fax? — 12x +9 
= + (2x—3) 
Example 2 


| | 
Find the square root of x +5 12 (2++)} 438, x#0 
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Solution 


1 1 
We have x +5+ 12(x+2}+38 
XxX 


Sit : +2+12 (s + E) + 36 , (adding and subtracting 2) 


x 
1 \ ] 2 
=(x+4) +2(x+4]@+0) 
oe } 

=| +(x+4+6) | : since a’ + 2ab +b” = (a+b) 


| 
. Hence the required square root is + € om 6) 
(ii) By Division | 
When it is difficult to convert the given expression into a perfect square by 


factorization, we use the method of actual division to find its square root. The method 
is similar to the division method of finding square root of numbers. 


Note that 

We first write the given expression in descending order of powers of x. 
Example 1 

Find the square root of 4x* + 12x°+2x°- 12x +4 
Solution 

We note that the given expression is already in descending order. Now the 


square root of the first term i.e., \/4x' = 2x°. So the first term of the divisor and 


quotient will be 2x” in the first step. At each successive step, the remaining terms will 
be brought down. 


2x” + 3x-2 

2x2 ) 4x" +12x° +2? -124+4 

+4" | 
4x” + 3x ) 12x°+x°- 12x44 

+12x° + 9x" 

4x +6x-2 ) oer = 12544 
<8x° 5 12x+4 

0 


Thus square root of given expression is +(2x” + 3x — 2) 
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Example 2 ! 
Find the square root of the expression 
2 2 
42 49-4 16 + 122 49% 
y y x Xx 


Solution 
We note that the given expression is in descending powers of x. 


2 
Now 4 a fe . SO proceeding as usual, we have 
3 y | 


2= +2+32 
y PY 
x x x 5 
2% | 4 8or ie por. 
y y y x x 
. 
+455 
y 
4~ +2 a + 16 
y y 
+8=+ 4 
y 


: : 9) 
x y | | y 
+ FASHISS 12+ 12> +9 


4124122 +9 


ik Yana 


0 


Hence the square root of given expression is 


(22 +2432) 
y Xx 


Example 3 | 
To make the expression x" — 10x° + 33x" — 42x +20 a perfect square, 
(i) | what should be added to it? 

(ii) what should be subtracted from it? 

(iii) what should be the value of x? 
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AUQOITENC ETO 
Solution 
, x —5x4+4 





2) x 10x) + 33x ~ 424.420 
E +x 
| 2? 5x ) — 10x? + 33x" 
F 10x° + 25x" 
2x* — 10x +4 | 8x° — 42x + 20 
+ 8x’ + 40x + 16 
—2x+ 4 


For making the given expression a perfect square the remainder must be zero. 
Hence 





(i) we should add (2x — 4) to the given expression 
(ii) | we should subtract (—2x + 4) from the given expression 


(iii) we should take —2x + 4 = 0 to find the value of x. This gives the required value 
of x i.e., x = 2. 


EXERCISE 6.3 
1. _ Use factorization to find the square root of the following expressions. 


(i) 4x" - 12xy + 9y° 


é. l 
(ii) x-1 +2 (x #Q) 


Sage 1 Ti 
(ii). [gx - jo +36Y 
(iv) 4(a +b) - 12(a’- b’) + 9(a— by 


bu 4x° — 12x°y? + 9y° 
Ox" + 24x*y" + l6y" 


ae (x+4) 42-5) (x #0) 

2 2 
(Vii) (7+ -{ x+4) +12 (x # Q) 
(viii) (2 + 3x + 2) (x + 4x + 3) (+ Sx + 6) 
(ix) (0 + 8x+7) (2x —x—3) (2x + 11x-21) 
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Use division method to find the sedine root of the following expressions. 
Gi) 4x7 + 12xy + 9y" + 16x + 24y + 16 
(ii) x*— 10x + 37x" - 60x + 36 
(iii) 9x*—6x° + 7x°-2x41 
(iv) 4+ 25x” 12x-24x° + 16x* 
2 2 
(v) ye 105+ 27 - 105+ (x#0,y #0) 
Find the value of k for which the following expressions will become a perfect 
square. 
(Gi) 4x*-12x°+37x-42x+k i) x4 - 4x° + 10? - kx 49 
Find the values of / and m for which the following expressions will become 
perfect oe epg 
(i) x 442° 416° +l +m (ii) 49x — 70x? + 10022 + lem 
To make the expression 9x* — 12x° + 22x” — 13x + 12, a perfect square 
(i) what should be added to it? 
(ii) what should be subtracted from it? 


(iii) what should be the value of x? 
REVIEW EXERCISE 6 | 


1. Choose the correct answer, 


(i) 


(ii) 


(iti) 


(iv) 


(v) 


(vi) 


H.C.F. of p°q — pq’ and PQ —p’@ris...... 
(a) pq(p’- @’) (b) pq(p-4q) 
(c) p’g(p-4q) (d) pgq(p* - q’) 


H.C. of 5x’y and 20x°y’ is ...... 


(a) 5x (b) 20x*y’ (c) 100x°y° (d) 5xy 
H.C.F. of x-2 andx*+x-6is...... 


(a) x°+x-6 (b) x+3 (ce): x~2 (d) x+2 
H.C.F. a? +b and a? —ab+b’is...... | 

(a) a+b (b) a@-ab+h’ 

(c) (a-by (d) a+b 

H.C.F. of x7 —5x+6andx*—x-6is...... 

(a) x-3 (b) x+2 (c) x—4 (d) x-2 
H.C.F. of a? — b* and a* — b’ is ...... 

(a) a-b | j (b) a+b 


(c) a+ab+h* —- @ a&-ab+P 
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(vii) H.C.F. of x7 +.3x 42,2 + 4x43, and x? + 5x+4is 



































er 


15xyz 


a-—b 


... of their H.C.F. 


9a a b? 








a+b’ 


x 
y 
a+1 


Ax* 


(a) x+l (b) («+1)@+2) 

(c) x+3 (d) (*«+4)@+1) 
(viii) L.C.M. of 15x’, 45xy and 30xyzis ....... | 

(a) 90xyz (b) 90x*yz (c) 15xyz (d) 
(ix) L.C.M. of a* + b* and a‘ — bis ....... | 

(a) a+b’ (b) a*—b? (c) a—b* (d) 
(x) The product of two algebraic expressions is equal to the Ree 

and L.C.M. 

(a) Sum (b) Difference 

(c) Product (d) Quotient 

eet, a Bots 
(xi) Simplify wa = P + me OE i 
4a 4a—b 4at+b 
(a) ’ 9 a — b (b) 9 a = b? (c) 9 a <= b (d) 
€ a +5a—-14 a+3 re | 
(xii) Simplify 3 oa tgeag 18 x ag sr ethene 
at+7 at+7 a+3 
(a) a—-6 | (b) a ay (c) a—-6 (d) 
a-b at+ab+h’ 
(xiii) Simplify “4 er + haa. = sovachh oh 
1 a-—b 
eh. ae = Sp (c) ye: (d) 
axt+y .)\, ( Lt 2 
(xiv) Simplify (+3 1| 1 Fie ee | 
pe oe ot sa y | 

>. Mere (is (d) 
(xv) The square root of a” —2a+1is....... 

(a) t(a+1) (b) t(a-1) (c) a-1l (d) 
(xvi) What should be added to complete the square of x* + 64? ...... 

(a) 8x (b) —8x (c) 16x” —@ 

~ (xvii) The square root of x* + a +248 0, 
1 1 l 
(a) t(x+4) (b) +( 245) (c) t(x-4) (d) 
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Find the H.C.F. of the following by factorization. 
8x" — 128, 12x° —96 
Find the H.C.F. of the following by division method. 
y +3y’—3y-9, y¥ +3y —8y- 24 
Find the L.C.M. of the following by factrization. 
12x” — 75, 6x — 13x—5, 4x°— 20x +25 
If H.C.F. of x* + 3x” + 5x” + 26x + 56 and x + 2x —4x° — x + 28 is 
x + 5x +7, find their L.C.M. 
Simplify 
AS Pie aN eA YPN 
X +x 4+x4+1 x -x +x-1 
(ii) Loh 2 a 2 
a-b a-—2ab+b 
Find square root by using factorization. 
G +3) +10 (x +4) +27 (x#0) 
Find square root by using division method. 


4x 20 f 
a 3-4 (x, y #0) 





SUMMARY 

We learned to find the H.C.F. and L.C.M. of sna expressions By the 
methods of factorization and division. 
We established a relation between H.C.F. and L.C.M. of two polynomials p(x) 
and q(x) given by the formula 

L.C.M. x H.C.F. = p(x) x q(x) 
and used it to determine L.C.M. or H.C.F. etc. 
Any unknown expression may be found if three of them are known by using 
the relation 

L.C.M x H.C.F = p(x) x q(x) 
H.C.F. and L.C.M. are used to simplify fractional expressions involving basic 
operations of +, —,x, +. 
Determination of square root of algebraic expression by factorization and 
division methods has been defined and explained. 


Unit 7 
LINEAR EQUATIONS AND INEQUALITIES 


Unit Outlines 
7.1. Linear Equations | 
7.2. Equations Involving Absolute Value 
7.3. Linear Inequalities 
7.4. Solving Linear Inequalities 


Students Learning Outcomes 


After studying this unit the students will be able to: 
* recall linear equation in one variable. 
* solve linear equation with rational coefficients. 


* reduce equations, involving radicals, to simple linear form and find their 
solutions. 


define absolute value. 
solve the equation, involving absolute value, in one variable. 

define inequalities ( >, <) and (2, S). 

recognize properties of inequalities (i.e. trichotomy, transitive, additive and 
multiplicative). 

solve linear inequalities with rational coefficients. 












+ + & 







Introduction 


In this unit we will extend the study of previously learned skills to the solution 
of equations with rational coefficients of Unit 2 and the equations involving radicals 
and absolute value. Finally, after defining inequalities, and recalling their trichotomy, 
transitive, additive and multiplicative properties we will use them to solve linear 
inequalities with rational coefficients. 


7.1 Linear Equations 


7.1.1 Definition 
A linear equation in one unknown variable x is an equation of the form 
ax+b=(Q, where a,be Randa<0. 


A solution to a linear equation is any replacement or substitution for the 
variable x that makes the statement true. Two linear equations are said to be 
equivalent if they have exactly the same solution. 
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7.1.2 Solving a Linear Equation in One Variable 


The process of solving an equation involves finding a sequence of equivalent 
equations until the variable x is isolated on one side of the equation to give the 
solution. 


Technique for Solving 


The procedure for solving linear equations in one variable is summarized in the 
following box. 








If fractions are present, we multiply each side by the L.C.M. of the 
denominators to eliminate them. 


* To remove parentheses we use the distributive property. 
* Combine alike terms, if any, on both sides. 


* Use the addition property of equality (add or subtract) to get all the variables on 
left side and constants on the other side. 


Use the multiplicative property of equality to isolate the variable. 
Verify the answer by replacing the variable in the original equation. 


Example 1 


Le Ft aes 
Solve the equation aS 


Solution 
Multiplying each side of the given equation by 6, the L.C.M. of denominators 2, 
3 and 6 to eliminate fractions, we get 


9x —2(x —2) =25 
=> 9x-—2x+4=25 


— 7x =21 
= x= 3, 
Check 
Bey Na x.= 3 in original equation, 
2 y ees, 
3@)-=5" =< 
5. _1 2 
z 3' 6 
25 


7-5 2 , which is true 


Since x = 3 makes the original statement true, therefore the solution is correct. 
Note: Some fractional equations may have no solution. 
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Example 2 
Solve ie 22-2, y#l1 
Solution 
To clear fractions we multiply both sides by the L.C.M. = y — 1 and get 
3.—2(y—1). =3y 
=> 3-2y+2 '=3y 
=> =Sy =>5 
= =] 
Check ? 
Substituting y = 1 in the given equation, we have 
cB Jn eae Ely: 
1-1 1-1 
3 3 
0-2 =o 


3 
But 0 is undefined. So y = 1 cannot be a solution. 


Thus the given equation has no solution. 


Example 3 


Solve ot x 





Solution 


To clear fractions we multiply each side by 3(x — 1) with the assumption that 
x—1#0 ie., x#1, and get 


(x — 1) (3x-1)-—6x =3x(x- 1) 
= 3x" — 4x +1-—6x = 3x —3x 


> —10x+1 =-—3x 
= —7x =-1 
| l 
= x ri 
Check 


On substituting x = 7 the original equation is verified a true statement. That 


ae , 1 
means the restriction x # 1 has no effect on the solution because 7 #1. 


.. 
Hence our solution x = 7 is correct. 
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7.1.3 Equations Involving Radicals but Reducible to Linear Form 
Definition 7 

Raising each side of the equation to a certain power may produce a | 
nonequivalent equation that has more solutions than the original equation. These 
additional solutions are called extraneeus solutions. We must check our answer(s) for 
such solutions when working with radica#equations. 


When raising each side of the equation to a certain power may produce a 
nonequivalent equation that has more.solutions than the original equation. These 
additional solutions are called extraneous solutions. We must check our answer(s) for 
such solutions when working with radical equations. 


Note: An important point to be noted is that raising each side to an odd power will 
always give an equivalent equation; whereas raising each side to an even power might 
not do so. 


Example 1 
Solve the equations 


(a) \2x-3-7=0 (b) Vax 5=\a-1 


Solution 
(a) To isolate the radical, we can rewrite the given equation as 


\/2x — 3 =7 


SOS Bem Fae GO i eae (squaring each side) 
=> 26 = S2us>iwe 26 
Check 
Let us substitute x = 26 in the original equation. Then 
2(26) -3-—-7 =0 
52-3-7 =0 
49-7 =0 
O=9 
Hence the solution set is {26}. 
(b) We have | 
A[3x +5 = ‘ y=)! See oo (given) 
=> StS ax Po eae (taking cube of each side) © 
<4 ax=-6 => x=-3 
Check 


We substitute x = —3 in the original equation. Then 
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3-3) +5 =V-3-1 = Va-\ 


Thus x = —3 satisfies the original equation. 





Here 4 is a real number because we raised each side of the equation to an 
odd power. 


Thus the solution set = {-3} 


Example 2 
Solve and check: a/5x —-7- a/x +10=0 
Solution 


When two terms of a radical equation contain variables in the -radicand, we 
express the equation such that only one of these terms is on each side. So we rewrite 
the equation in this form to get 


/5x-7 =a/x+ 10 


Gi? we x4+10, . ae (squaring each side) 
4x17. => r= 
Check | 


Substituting x = i in Original equation. 
[5x -—7—~/x + 10 =Q 
17 17 
\|5(2)- -\/7+ 10 =0 
ayy 57 
iE 
0 =0 
i.e., x= u makes the given equation a true statement. 


_ Thus solution set = {7}. 
Example 3 : 


Solve x + 7 +\/x+2=-6x4 13 
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Solution 


uUuDY 


\ix+7 4+0/x+2=6x + 13 


Squaring both sides we get 


r+74x4+24+2VG4D@+D= 6x + 13- 


=> 2x7 4+9x4+14 =4x44 
oan x +9x4+14 =2x+2 
Squaring again 

x 4+9x414=4° 48x44 
3x°-x-10=0 

3x — 6x + 5x-10=0 
3x(x — 2) + Sx - 2) =0 
(x — 2) (3x+5)=0 

=> x=2,-3 


On See we see that x = 2 satisfies the equation, but x = — 3 does not 


5 
satisfy the equation. So solution set is {2} and x =— 3 is an extraneous root. 


(i) 








EXERCISE 7.1 
1. Solve the following equations. ; 
* 1 —ihe eo Le 
ae ea a kw a (ii) 3: oanm tr = 


evig 1 2 9) 2g 
(111) a(x-3)+3= S67 +3(5-3:) (iv) r+3=2(x-3]-6r 
2x 

















ee a Ces Fe 
(v) 6 x=1 9 (vi) 35-6 =2 ya? **2 
Re PO SAR REG ce 5 Linhisn 2 
(Vil) 2x45 304x4+10227,2 4 diSbnGusix eecktiiche 
; 2 1 1 2 ] 1 
(ix) a ek eee (x) ateEera. x¥-2 


3x+6 6 2x44? 


2. Solve each equation and check for extraneous solution, if any. 


Gi) \3x44=2 Gi) V2—-4-2=0 


(iii) (x -3 -7 =0 (iv) 2\/t+4=5 
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(v) see (vi) J2—1 = V28— 28 


i 5 
(vii) \2r+ 6 —-/2r—5 = (vii) Fase xees 


7.2 Equation tuvaiide Absolute Value 


Another type of linear equation is the one that contains sified value. To solve 
equations involving absolute value we first give the following definition. 


7.2.1 Definition 
The absolute value of a real number ‘a’ denoted by lal, is defined. as 


a, ifa=0 
lal = 4 
-—a, ifa<0O | 
eg., |61=6 , |O1I=O and |-61=-(-6)=6 
Some properties of Absolute Value 


Ifa be ® than 
(Gi) 1lal>0 Giolealeta| 
(ii) |abl=lal-1b1 (iv) = 2b #0 








7.2.2 Solving Linear Equations Involving Absolute Value 
Keeping in mind the definition of absolute value we can immediately say that 
lxl=3isequivalenttox=3 or x=-3, 
because x = +3 or x = —3 make | x | =3 a true statement. 

For solving an equation involving absolute value, we express the given 
equation as an equivalent compound sentence and solve each part separately. 
Example 1 | | 

Solve and check, [2x + 3l=11 
Solution 

By definition, depending on whether (2x + 3) is positive or negative the given 
equation is equivalent to 


+(2x+3)=11 or -(2x+3)=11 
In practice, these two equations are usually written as 
2x+3° =+1l “or 2x+3 =-l1 
a =o or | 2x =-14 
x =4 or =—/] 
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Check 
Substituting x = 4, in the original equation, we get 
I2(4) +31 =11 
1.€., 11 =i, tee 
Now substituting x =-7, wehave 
I2(—-7) +: 3h. = 11 
L—L1L) 1 
11, =11, true 


Hence x= 4, —7 are the solutions to the given equation. 
or Solution set = {—7, 4} 


Note: For an equation like 3lx — 1|—6 = 8, do not forget to isolate the absolute value 
expression on one side of the equation before writing the equivalent equations. In the 
equation under consideration we must first write it as 


Ix — 1l= 14/3 
Example 2 
Solve 8x — 3] = l4x + 5] 
Solution 
Since two numbers having the same absolute value are either equal or differ in 
sign, therefore, the given equation is equivalent to 
8x-3 =4x4+5 or 8x-3 =-(4x +5) 
4x =8 or 12x =-2 
x52 or x =-1/6 


| 1 
On checking we find that x = 2, x =— 6 both satisfy the original equation. 


Hence the solution set = { - , ee \. 


Sometimes it may happen that the solution(s) obtained do not Satisfy the 
original equation. Such solution(s) (called extraneous) must be rejected. rpiisigsrsing it 
is always advisable to check the solutions in the original equation. 


Example 3 
Solve and check 13x + 10i/=5x+6 


Solution 
The given equation is equivalent to 


+ (3x+10) =5x+6 
1.é., 3x+10 =5x+6 or 3x+10 =~-(5x+ 6) 
—2x =-—-4 or 8x =-16. 
Ke or x =-2 
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On checking in the original equation we see that x = —2 does not satisfy it. 
Hence the only solution is x = 2. 


EXERCISE 7.2 
1. Identify the following statements as True or False. 
(1). icc1 = 0. bananiyone SOhtiOs eos ne uxt -ngatin AR wR Teese 
(ii) All absolute value equations have two solutions. = = X—  ...... 
(111) The equation |x| =72 1s equivalent tox=2o0rx=—2.. = 9 9s anes. 
(iv) The equation lx —- 4|=-—4 hasno solution... 9.9 veh got oe CL eee 
(v) The equation [2x — 3l = 5 is equivalent to 2x-3=Sor2x+3=5. _...... 
2. Solve for x | 








] 
a) 13x-5l=4 (11) 7 Bx+21-4=11 
(iii) I2x+5|=11 , (iv) 13 + 2xl = 16x — 7 
l 
(v) lIx+21/-3=5-lx4+2l (vi) 7x +31+21=9 
4 3-5 a2 aN x+5 
(vil) | 4 eta (viil) gt ='6 





7.3 Linear Inequalities 

In Unit 2 we discussed an important comparing property of ordering real 
numbers. This order relation helps us to compare two real numbers ‘a’ and ‘b’ when 
a # b. This comparability is of primary importance in many applications. We may 
compare prices, heights, weights, temperatures, distances, costs of manufacturing, 
distances, time etc. The inequality symbols < and > were introduced by an English 
mathematician Thomas Harriot (1560 — 1621). 

7.3.1 Defining Inequalities 

Let a, b be real numbers. Then a is greater than b if the difference a — b is 
positive and we denote this order relation by the inequality a > b. An equivalent 
statement is that in which b is less than a, symbolised by b < a. Similarly, if a — b is 
negative, then a is less than b and expressed in symbols as a < b. 

Sometimes we know that one number is either less than another number or 
equal to it. But we do not know which one is the case. In such a situation we use the 
symbol “<” which is read as “less than or equal to”. Likewise, the symbol “>” is used 
to mean “greater than or equal to”. The symbols <, >, < and 2 are also called 
inequality signs. The inequalities x > y and x< y are known as strict (or strong) 
inequalities whereas the inequalities x < yand y<x are called non-strict (or weak). 


~ 
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If we combine a < b and b < c we get a double inequality written in a compact 
form as a < b < c which means “b lies between a and c” and read as “a is less than b 
less than c”. Similarly, “a < b < c” is read as “b is between a and c, inclusive.” 


A linear inequality in one variable x is an inequality in which the variable x 
occurs only to the first power and has the standard form 


ax+b<0, a#0 
where a and b are real numbers. We may replace the symbol < by >, < or > also. 


7.3.2 Properties of Inequalities 
The properties of inequalities which we are going to use in solving linear 
inequalities in one variable are as under. 
1 Law of Trichotomy 
For any a, b € R, one and only one of the following statements is true. 
ab oO a=d, or a>odb | 
An important special case of this property is the case for b = 0; namely, 
a<0 or a=0 or a>Oforanyae R. 
2 Transitive Property 
Let a, b, ce R. 
i) Ifa>bandb>c,thena>c 
(ii) Ifa<bandb<c, thena<c 


3 Additive Closure Property For a, b,c € R, 
(i) Ifa>b,thena+c>b+c 
Ifa<b,thena+c<b+c 
(Gi) Ifa>Oandb>0,thena+b>0 
Ifa<Oandb<0, thena+b<0 
4 Multiplicative Property 
Leta,b,c,deER 
(i) Ifa>Oandb>0, then ab>0, whereas a<0andb<0=>ab>0 
(i) Ifa>bandc>O0, then ac>bc 
or if a<bandc>0, then ac < be 
(iii) Ifa>bandc<0, then ac < be 
or ifa<bandc <0, then ac> be 


The above property (iii) states that the sign of eer is reversed if each side 
is multiplied by a negative real number. 


(iv) Ifa>bandc>d, then ac >bd 
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7.4. Solving Linear Inequalities 


The method of solving an algebraic inequality in one variable is explained with 
the help of following examples. 


_ Example 1 
Solve 9-—7x>19—2x, where xe R. 
Solution 
9-—7x >19-2x 
ye ee. pee ee (Adding 2x to each side) 
a eee | eee ee (Adding —9 to each side) 
ap age elie: aif (Multiplying each side by = 5) 


Hence the solution set = {x|x<—2} 


Example 2 
Sol L use ros h R 
olve 5 x—3 Sx+3, where xe R. 
Solution 
1 2 1 
22-3543 


To clear fractions we multiply each side by 6, the L.C.M. of 2 and 3 and get 


f 4% 1 
6|5x-5 | <6[x+4 | 


or 3x-4<6x+2 


or 3x <6x+6 
or —3x <6 
or x >-2 


Hence the solution set = {x | x 2-2}. 
Example 3 


ry | 
Solve the double inequality — 2 < We 1, where xe R. 





Solution 
The given inequality is a double inequality and represents two separate 
inequalities — 
—-2% i= 
3 and — ma =<. 








—-2< 
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1—2x 
—-2< 3 <1 





or —-6<1=—2x'<3 
or (= 7 eoreix <2 
7 } 
or Fe ] 
L¢.gocd Ko pe 238 
So the solution set is {x|—1<x< 3.5}. 
Example 4 
Solve the inequality 4x-1<3<7+ 2x, wherexe R. 
Solution | 
The given inequality holds if and- only if both the separate inequalities 
4x —1<3 and3 <7 + 2x hold. We solve each of these inequalities separately. 
The first inequality 4x-—1<3 


gives See tee ee ce (i) 
and the second inequality 3 < 7 +2x yields -4 < 2x 
i.e., —2 <x which implies x > —2 he TE ae a (11) 


Combining (i) and (ii), we have —2<x<1 
Thus the solution set = {x|—2 <x <1}. 








EXERCISE 7.3 
1. Solve the following inequalities. 
(i) 3x+1<5x-4 (i) 4x-— 10.3 <21x-1.8 
ie ] l ee 
(ii1) 4—-Zx2-T4+ 7% (iv) x~2(5 - 2x) 2 6x — 35 
3x+2 2x+1 
Wee z—>-1 (vi) 3(2x + 1) — 2(2x +5) <5 3x—2) 
a ah MO: 1 
(vii) 3(x- 1) -(&®—2) >-— 204+ 4) (Vili) 23x43 (Sx—-4) >—3 (8x +7) 


2. Solve the following inequalities. 


(i) -—-4<3x+5<8 (11) ~5 <7 <1 





we | —2 - 
(111) ~6<"7*<6 (iv) 32 S*>1 
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4 

(v) 3x-10<5<x+3 (vi) -3<5— <4 

(vii) 1-—2x<5-—x<25 — 6x (viii) 3x-2<2x4+1<4x4+17 
| REVIEW EXERCISE 7 


1. Choose the correct answer. 
(i) | Which of the following is the solution of the inequality 3-—4x<11?...... 


(a) -8 (b) -—2 (c) —- + (d) None of these 
(ii) A statement involving any of the symbols <,>,<or2 is called ...... 

(a) equation (b) identity 

(c) inequality | ’ (d) linear equation 

3 
1) ) a are is a solution of the inequality -2<x< 5° 
3 

(a) —5 (b) 3 (c) 0 (d) 5 
(iv) Ifxis no larger than 10, then ...... 

(a) x28 (b) x<10 (oo: are 20) (d) x>10 
(v) Ifthe capacity c of an elevator is at most 1600 pounds, then ...... 

(a) c< 1600 (b) c21600 (c) cs<1600 (d) c>1600 
(vi) x=0O isasolution of the inequality ...... 

(a) x>0 (b) 3x+5<0 

(c) x+2<0 (d) x-2<0 


2. Identify the following statements as True or False. 
(i) The equation 3x — 5 = 7 — x is a linear equation. 
(ii) Th equation x — 0.3x = 0.7x is an identity. 
(111) The equation —-2x +3 =8 is equivalentto—-2x=11.0 © aeeeee 
(iv) To eliminate fractions, we multiply each side of an onption by the L.C.M. 
of denominators. 
(v) 4(x +3) =x +3 is a conditional equation. 


(vi) The equation 2(3x + 5) = 6x + 12 is an inconsistent equation. 


2 
(vii)To solve 3*= 12, we should multiply each side by 4 


(viii) Equations having exactly the same solution are called equivalent 
equations. 


(ix) A solution that does not satisfy the original equation is called extraneous 
solution. 
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3. Answer the following short questions. 
(i) Define a linear inequality in one variable. 
(ii) State the trichotomy and transitive properties of inequalities. 


(11) The formula relating degrees Fahrenheit to degrees Celsius is F = zC + 32. 


For what value of C is F < 0? 


(iv) Seven times the sum of an integer and 12 is at least 50 and at most 60. Write 
- and solve the inequality that expresses this relationship. 


4. Solve each of the following and check for extraneous solution, if any. 


Gi) V2r+4=\t-1 (ii) \3x- 1-2/8 -2x=0 


5. Solve for x 





(i) 13x+141-2=5x (ii) gle 31=5 le +2 
6. Solve the following inequality 
(i) -~3x+5<1 (ii) 3< tet 
SUMMERY 


Linear Equation in one variable x is ax+b=0 wherea,be R,a#0. 
Solution to an equation is that value of x which makes it a true statement. 
Two linear equations aré called equivalent if they have exactly _ same solution. 
An inconsistent equation is that whose-solution set is 9. 
Additive property of equality: . 
If a=b, then a+c=b+c 
and a—c=b-c,Va,b,ceR 
* — Multiplicative property of equality: If a = b, then ac = bc 
* —— Cancellation property: Ifa+c=b+c,thena=b 
If ac = bc, c #0 thena=b,Va,b,ceR 


To solve an equation we find a sequence of equivalent equations to isolate the 
variable x on one side of the equality to get solution. 


* . A radical equation is that in which the variable occurs under the radical. It must 
be checked for any extraneous solution(s). 


- Absolute value of a real number a is defined as 


a, ifa>0 


* * & -* F 


lwi= 
|-a, ifa<0 
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* Properties of Absolute value: 
If a,b € R, then 
(i) lal20O 
(ii) |-al=lal 
(iii) labl=lal-lb| 


ivy |Z|=725 . bx0 
(v) |xl=a is equivalent to x =a orx=—a 
* Inequality symbols are <,>,<,2 
i A linear inequality in one variable xis ax+b<0, a#0 
* Properties of Inequality: 
(a) Law of Trichotomy 
Ifa,be Rthena<b or a=b ora>b 
(b) Transitive law 
Ifa>bandb>c,thena>c 
(c) Multiplication and division: 


(i) Ifa>b,c>O0, then ac >be and 4 >2 


(ii) Ifa>b,c<0, then ac < be and £<? 


Unit 8 


LINEAR GRAPHS & THEIR APPLICATION 


Unit Outlines 


8.1 Introduction 

8.2 Cartesian Plane. 

8.3. Conversion Graphs 

8.4 Graphical Solution of Equations in two variables. 


Students Learning Outcomes 


Sige studying this unit, the students will be able to: 


* 
* 


% F Fe 


* identify pair of real numbers as an ordered pair. 

recognize an ordered pair through different examples. 

describe rectangular or Cartesian plane consisting of two number lines 
interesting at right angles at the point O. 

identify origin (O) and coordinate axes (horizontal and vethices axes OF X-axis 
and y-axis) in the rectangular plane. 

locate an ordered pair (a, b) as a point in the rectangular plane and recognize. 

@ a as the x-coordinate (or abscissa), 

e b as the y-coordinate (or ordinate). 

draw different geometrical shapes (e.g., line segment, triangle and rectangle 
etc.) by joining a set of given points. 

construct a table for pairs of values satisfying a linear equation in two variables. 
plot the pairs of points to obtain the graph of a given expression. 

choose an appropriate scale to draw a graph. 

draw a graph of 

8 an equation of the form y=He, 

® an equation of the form x = a, 

« an equation of the form y = mx, 

* an equation of the form y = mx + c. 

draw a graph from a given table of (discrete) values. 

solve appropriate real life problems. 

interpret conversion graph as a linear graph relating to two quantities which are 
in direct proportion. 

read a given graph to know one quantity corresponding to another. 

read the graph for conversions of the form. 

® miles and kilometers, 


145 
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® acres and hectares, 

® degrees Celsius and degrees Fahrenheit, 

° Pakistani currency and another currency, etc. 
* solve simultaneous linear equations in two variables using graphical method.. 


8.1 Cartesian Plane and Linear Graphs 
8.1.1 An Ordered Pair of Real Numbers 


An ordered pair of real numbers x and y is a pair (x, y) in which elements are 
written in specific order, 3 


1.e., (i) (x, y) is an ordered pair in which first element is x and second is y. 
such that (x, y) # (y, x) where, x #y. 
(ii) (2, 3) and (3, 2) are two different ordered pairs. 
(ii) (x, y)=(m,n) only ifx=mandy=n. 
8.1.2 Recognizing an Ordered Pair 


In the class room. the seat of a studént is the example of an ordered pair. For 
example, the seat of the student A is Sth place in the 3rd row, so it corresponds to the 
ordered pair (3, 5). Here 3 shows the number of the row and 5 shows its seat number 
in this row. 

Similarly an ordered pair (4, 3) represents a seat located to a student A in the 
examination hall at the 4th row and 3rd column i.e., 3rd place in the 4th row. 

8.1.3 Cartesian Plane 


A cartesian plane establishes one-to-one correspondence between the set of 
ordered pairs R x R = {(x, y) | x, ye R} and the points of the Cartesian plane. 
In plane two mutually perpendicular straight lines are drawn. The lines are 


called the coordinate axes. The point O, where the two lines meet is called origin. 
This plane is called the coordinate plane or the Cartesian plane. 


8.1.4 Identification of Origin and Co- Eh {aae” “S358 
ordiante Axes deh tiie ds | | 

The horizontal line XOX’ is called the |_| | | | | | | | | | [| 
x-axis and the vertical line YOY’ is called the b Mrdedatbcube de | 
y-axis. The point O where the x-axis and y- 
axis meet is called the origin and it is denoted 
by O(0, 0). 

We have noted that each point in the 
plane either lies on the axes of the coordinate 
plane or in any one of quadrants of the plane 
namely XOY, YOX’, X’OY’ and Y’OX 
respectively called the first, second, third and 
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fourth quadrant of the plane subdivided by the coordinate axes of the plane. 
They are denoted by Q-I, Q-II, Q-III and Q-IV respectively. 
The signs of the coordinates of the points (x, y) are shown below; 


ae 
OT OL BP No or 
do 52) Dl i a 2 en a 
tos cs Me a Me A 
BESS 
polapOh de bs} oa I 
BERRA? nas 
iccdibaetls: dL geetlcleid nd 
eS ee 
ee 


> 0 
ved 
bil 
ko 
K 0 


Qe AMP ae Saka 
Pe PrP psc sages of 
PLE EF | | dealaelt ab obit: 

e.g., 1. The point (-3,—1) liesin Q-IIl. 2. The point (2, —3) lies in Q-IV. 

3. The point (2,5) liesinQ-I. - 4. The point (2, 0) lies on x-axis. 
8.1.5 Location of the point P(a, b) in the Plane corresponding to the Ordered 

Pair (a, b) | 
Let (a, b) be an ordered pair of R x R. 
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In the reference system, the real number a is measured along x-axis, OA = a 
units away from the origin along OX (if a > 0) and the real number b along y-axis, 
OB = b units away from the origin along OY (if b > 0). From B on OY, draw the line 
parallel to x-axis and from A on OX draw line parallel to y-axis. Both the lines meet 
at the point P. Then the point P corresponds to the ordered pair (a, b). 


In the graph shown above 2 is the x-coordinate and 3 is the y-coordinate of the 
point P which is denoted by P(2, 3). 


In this way coordinates of each point in the plane are obtained. 


The x-coordinate of the point is called abscissa of the point P(x, y) and the 
y-coordinate is called its ordinate. 


1. Each point P of the plane can be identified by the coordinates of the pair (x, y) 
and is represented by P(x, y). 


2. All the points of the plane have y-coordinate, y = 0 if they lies on the x-axis. 
i.e., P(—2, 0) lies on the x-axis. 

3. All the points of the plane have x-coordinate x = 0 if they lie on the y-axis, 
i.e., Q(O, 3) lies on the y-axis. 


8.1.6 Drawing different Geometrical Shapes in Cartesian Plane 


We define first the idea of collinear points before going to form geometrical 
shapes. 


sid 
(a) Line-Segment | PL TY] fda hide RG) 
Example 1: ete Sai 3. ae 
Let P(2, 2) and Q(6, 6) be two points. Sea 
nse 


1. — Plot points P and Q. 
2. By joining the points P and Q, we get the line 


segment PQ. It is represented by PQ. 





Example 2: 


Plot points P(2, 2) and Q(6, 2). By joining SH 4 
them, we get a line segment PQ parallel to se CRBS 
pico 2 


X-axis, 
where ordinate of both points is equal. 
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Example 3: Wi) WIE ee. 
Plot points P(3, 2) and Q(3, 7). By joining | fy+ | | [| “F?}*] | 


them, we get a line segment PQ parallel to | | | | | [ | | | | 





















y-axis, fsurbey fatilsbonbl ce | S-[) 3a ta 
In this graph abcissas of both the points are | [OF btinkiots d teks 
equal. 
Pe fae ee || 
uu MaigopDIS | | 
Sore tt et 
BS ee Wa «Oy A OB 
(b) Triangle 3 
Example 1: 


i ie 
Plot the points P(3, 2), Q(6, 7) and oars Os sO <3 
RQ, 3). By joining them, we get a triangle el) thie afte laohiadeypsd > | TL 
PQR. Patan Th | 
Pettitte [AN] 
a ea 


Example 2: 


For points O(0, 0), P(3, 0) and R(3, 3), 
the triangle OPR is constructed as shown by: |_| _ 
the side. 
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(c) Rectangle 
Example: © 

Plot the points P(2, 3), Q(2, 0), S(-2, 0) 
and R(—2, 3). Joining the points P, Q, S and R, 
we get a rectangle PQSR. 






Along y-axis, 
yy) (length of square) = = | unit 





8.1.7. Construction of a Table for Pairs of Values satisfying a Linear Equation 
in Two Variables. 
Let 2x+y=1 (i) 
be a linear equation in two variables x and y. 


The ordered pair (x, y) satisfies the equation and by varying x, corresponding y 
is obtained. 


We express (i) in the form 





(ii) 
The pairs (x, y) which satisfy (ii) are tabulated below. 
3 atx=—-l,y=(-2)(-1I)+1=2+1=3 


atx=0, y=(-2)0)+1=0+1=1 
atx=1, y=(-2)1)+1=—2+1=-1 
atx=3, y=-6+1=-5 

ere ar all the as can be computed, the ordered pairs of which do satisfy 
the equation (1). 
8.1.8 Plotting the points to get the graph 


Now we plot the points obtained in the table. Joining these points we get the 
graph of the equation. The graph of y = —2x + 1 is shown on the next page. 
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Ba2ere 
BRE SS SVU SLA 
SPS R Sis SP wees 
8.1.9 Scale of Graph 


To draw the graph of an equation we choose a scale e.g., 1 cm represents 5 
meters or 1 small square length represents 10 or 5 meters. It is selected by keeping in 
mind the size of the paper. Some times the same scale is used for both x and y 
coordinates and some times we use different scales for x and y-coordinate depending 
on the values of the coordinates. 





8.1.10 Drawing Graphs of the following Equations 
(a) y=c, where c is constant. 

(b) x=a, where a is constant. 

(c) y=mzx, where m is constant. 

(d) y=mx+c, where mand c both are constants. 

By drawing the graph of an equation is meant to plot those points in the plane, 
which form the graph of the equation (by joining the plotted points). 
(a) The equation y = c is formed in the plane by the set, 

S = {(x, c): x lies on the x-axis} Cc RXR. | 

The procedure is explained with the help of following examples. 

Consider the equation y = 2 

The set S is tabulated as; 





Linear Graphs and Their Application 152 


The points of S are plotted in the plane. 


MSE PP rr aarti 


Similarly graph: of y= | —4 is shown as: 


. 
iv ud 
~ 
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So, the graph of the equation of the type y = c is obtained as: 
(i) the straight line 
(ii) the line is parallel to x-axis 
(iii) the line is above the x-axis at a distance c units if c > 0 
(iv) the line (shown as y = —4) is below the x-axis at the distance c units as c < 0 
(v) the line is that of x-axis at the distance c units if c= 0 


(b) The eee x = a is drawn in the plane by the points of the set 
= {(a, y): ye R} 
The he of S are tabulated as follows: 


_ x |a|alalalajalalal 
Fea CEi AEA 820 R AF ahs ae 
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The points of S are plotted in the plane as, ... (a, —2), (a,—1), (a, 0), (a, 1), 
ta 2), ... etc. 

The point (a, 0) on the graph of the equation x = a lies on the x-axis while (a, y) 
is above the x-axis if y > 0 and below the x-axis if y < 0. By joining the points, we get 
the line. 


The procedure is explained with the help of following examples. 
Consider the equation x = 2 
Table for the points of equation is as under: 





Thus, graph of the equation x = 2 is shown as: 
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So, the graph of the equation of the type x = a is obtained as: 
(i) the straight line 
(ii) the line parallel to the y-axis 
(iii) the line is on the right side of y-axis at distance “a” units if a > 0. | 
(iv) the line x = —2 is on the left side of y-axis at the distance a units as a < 0. 
(v) the line is y-axis if a= 0. 
(c) a equation y = mx, (for a fixed m € R) is formed by the points of the set 

= {(x, mx): xe R} 
i.e., W= {..., (—2,—2m), (—1, —m), (0, 0), (1, m), (2, 27m), ... }. 
The points Sa to the ordered —_ of the set W are tabulated below: 





The Bc is explained with the help of following examples. 
Consider the equation y=x, wherem=1 
Table of points for equation is as under: 


wae: rotten: eee 
BPs i 8 cuiilabeie Sees 


The is are plotted in the plane as follows: 









oe 
Ba Biss... cesses ese 
By joining the plotted points the graph of the equation of the type y = mx is, 
(i) the straight line | 
(ii) it passes through the origin O(0, 0) 
(111) mis the slope of the line 
(iv) the graph of line splits. the plane into two equal parts. If m = 1 then the line 
becomes the graph of the equation y = x. 
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(v) Ifm=-1 then line is the graph of the equation y = —x. 
(vi) the line meets both the axes at the origin and no other point. 
(d) Now we move to a generalized form of the equation, i.e., 
y=mx+c, where m,c#0. 
The points corresponding to the ordered pairs of the set 
S = {(x, mx +c): m, c (40) € R} are tabulated below 
eG bt ta) “oS ab a-< tai [seeded 
_y | c | mte| 2mte | 3mte | ......| mote |... 
The procedure is explained with the help of following examples. 
Consider the equation | 










y=x+l1, wherem=1,c=1 
We get the table 


We see that 

(i) y=mx-+c represents the graph of a line. 

(ii) It does not pass through the origin O(0, 0). 

(iii) It has intercept c units along the y-axis away from the origin. 

(iv) mis the slope of the line whose equation is y=mx+c. | 
In particular if 

(i) c=0,then y = mx passes through the origin. 

(ii) m=O, then the line y =c is parallel to x-axis. 
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8.1.11 Drawing Graph from a given Table of Discrete Values 
If the points are discrete the graph is 
just the set of points. The points are not 
joined. 
For example, the following table of 
discrete values is plotted as: 





So, the dotted square shows the graph 
of discrete values. 





8.1.12 Solving Real Life Problems 

We often use the graph to solve the real life 
problems. With the help of graph, we can 
determine the relation or trend between the both 
quantities. 

We learn the procedure of drawing graph of 
real life problems with the poly of following 
examples. 

_ Example: | 
Equation y = x + 16 shows the relationship between 
the ages of two persons i.e., if the age of one person 
* x, then theage of other person is y Draw-the graph. 
" Solution 

We know that y=x+16 

Table of points for equation is given as: 


| OE | ed AG | 
BEER 22 Mrs ee eee 
By plotting the points we get the graph of a straight line as shown in the figure. 
EXERCISE 8.1 © 
1. | Determine the quadrant of the coordinate plane in which the following points 
lie: P(—4, 3), Q(-5, —2), R(2, 2) and S(2, -6). 
2. Draw the graph of each of the following. 
GQ 2S (ii) x=-3 (Gi) y=-1 
(iv) “y =3 (v) y=0 (vi) x=0 


(vii) y= 3x (vill) —y = 2x (ix) x= x 
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(x). 3y Bs (xi) 2x-y=0 (xii) 2x-y=2 
(xiii) x-—3y+1=0 (xiv) 3x—-2y +1=0 
3. Are the following lines (i) parallel to x-axis (ii) parallel to y-axis? 


G) 22x-ls3 a  x425-1 (iii) 2y+3=2 
(iv) x+y=0 (v) 2x —2y =0 
4. _ Find the value of m and c of the following lines by expressing them in the form 
y=mx +c. 
(a) 2x+3y-1=0 (b) x-—2y=-2 (c) 3x+y-—1=0 
(d) 2x-y=7 (e) 3-—2x+y=0 (f) 2x=y+3 


5. Verify whether the following point lies on the line 2x — y + 1 = 0 or not. 
Gj) (2,3) Gi) (0, 0) (ii) = (-1, 1) 
(iv) (2,5) (vy). . G,3) 


8.2 Conversion Graphs 
8.2.1 To Interpret Conversion Graph 

In this section we shall consider conversion graph as a linear graph relating to 
two quantities which are in direct proportion. 

Let y = f(x) be an equation in two variables x and y. 


We demonstrate the ordered pairs which lie on the graph of the equation 
= 3x + 3 and are tabulated below: _ 









iE: iimj M/S Ae ie Slee be 
Sib iti mies co a) ees 
| @y) | ...@,3) | €1,0) [| C2,-3)... 


By plotting the points in the plane corresponding to the ordered pairs (0, 3), 
(—1, 0) and (—2, —3) etc. we form the graph of the equation y = 3x + 3. 


tim a tas divas ee a Co 
ii Cat a a 
Vas He a te a) 
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Be Bik ey wl i ce Se ied 
Bes Leone e 
noe COR 
ob bathed by | 
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8.2.2 Reading a given Graph 


(1) 
(ii) 


From the graph of y = 3x + 3 as shown above: 


for a given value of x we can read the corresponding value of y with the aad of 
equation y = 3x + 3, and 


for a given value of y we can read the corresponding value of x, by converting 
] 
equation y = 3x + 3 to equation x = he 1 and draw the corresponding 


conversion graph. 

In the conversion graph we express x in terms of y as explained below. 
y=3x+3 

=> y-3=3x+3-3 

=> y-3=3% or 3x=y-3 


1 
=> x=Zy- 1, where x is expressed in terms of y. 


We tabulate the values of the dependent variable x at the values of y. 


ee ee ee ee 
ea at 


The conversion y Re of x with respect to y is aglee as below: 













8:2.3 Reading the Graphs of Conversion 
(a) Example: (Kilometre (Km) and Mile (M) Graphs) 


To draw the graph between kilometre (Km) and Mile (M), we use the 


following relation: 


One kilometre = 0.62 miles, (approximately) 
and one mile =1.6km _ (approximately) 
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(i) The relation of mile against kilometre is given by the linear er 
yi B.62%, : 
If y is a mile and x, a kilometre, then we tabulate the ordered pairs ox y) as 


below; 
: eS Te RiP Sl a 
-y {0 | 0.62 | 1.24 | 186 | 248... 


The ordered pairs (x, y) corresponding to y = 0.62x are represented in the 
Cartesian plane. By joining them we get the desired following graph of miles against 
kilometers. 
























4 






For each quantity of kilometre x along x-axis there corresponds mile along 
y-axis. 


(ii) The conversion graph of kilometer against mile is given by 
y=1.6x (approximately) 
If y represents kilometres and x a mile, then the values x and y are tabulated as: 
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We plot the points in the xy-plane corresponding to the ordered pairs. 
(0, 0), (1, 1.6), (2, 3.2), (, 4.8) and (4, 6.4) as shown in figure. 


im MRBIE Key ).. 

i a ed ee oe ced 
A CB ed 
PMR Me ARMM Th rest 
a dhs Ee 
MP ORM eee 
iE BAe Masi oe eae 
add a C5 HY , 





By joining the points we actually find the conversion graph of kilometres 
against miles. 


(b) Conversion Graph of Hectares and Acres 
(i) The relation between Hectare and Acre is defined as: 


Hectare WL Acres 
259 


= 2.5 Acres (approximately) 
_ Incase when hectare =x and acre = y, then relation between them is given 
by the equation, wos 2X 


If x is represented as hectare along the horizontal axis and y as Acre along y- 


axis, the values are tabulated below: 
pee | ee | 
ray | 0 | 25 [56-1 35110... 
The ordered pairs (0,0), (1, 2.5), (2,5) etc., are plotted as points in the xy-plane 
as below and by joining the points the required graph is obtained: 
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(ii) Now the conversion graph Acre = 5: Hectare is simplified as, 





Acre = 18. Hectare 
# doy 


= 0.4 Hectare (approximately) 
If Acre is measured along x-axis and hectare along y-axis, then 
y=0.4x 
The ordered pairs are tabulated in the following table: 





‘The corresponding ordered. pairs (0, 0), 1, 0. 4), (2, 0. 8) etc., are plotted i in the. 
xy-plane, j join of which will form the graph of ‘(b)-ii as a conversion graph of (b)-i 


Races rc seas ee ae 
Bibieisieiisiie.. ened 
eee ib tod 













(c) Conversion Graph of Degrees Celsius and Degrees Fahrenheit 
(i) The relation between degree Celsius (C) and degree Fahrenheit (F) is given by 
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P= 2C+32 
5 
The value of F at C = 0 is obtained as 
P= 2 x0+32=0432= 32 
Similarly, 
= 2x 10 +32 = 18 +32 =50, 
Fa =2x20+432= 36 + 32 = 68, 


= =x100 + 32= 180+ 32=212 


| We tabulate the values of C and F. 


_B0t | 100%... 





eng. | 


The conversion graph of F with respect to vF is shown in figure. 










€ OP DPM Die 
et 


= length of square 


Note from the graph that i value of C corresponding to (i) F = 86° is C = 30° 
and (11) F = 104° is C = 40°. 


(ii) Now we express C in terms of F for the conversion graph of C with iesiiae to F 
as below: | 


Cz = (F — 32) 
The values for F = 68° and F = 176° are 
5 5 - 
C=59 (68 — 32)=9 x 36 = 20 


_—_—_— = = 
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and C= 3 (176 -— 32) = = (144)=5 x 16 = 80° 

Find out at what temperature will the two readings be same? 

Le. F= : C+ 32 

9 (2 1) =~32 rie ssa ine WO giz 7 Bigs eae AO 
sinc lenaal 4 

To verify at C = —40, we have 


F= =x(-40) + 32= 9(-8) + 32 =-72 + 32 =—40° 





(d) Conversion Graph of US$ and Pakistani Currency 
The Daily News, on a particular day informed the conversion rate of Pakistani 
currency to the US$ currency as, 
1 US$ = 66.46 Rupees 
If the Pakistani currency y is an expression of US$ x, expressed under the rule 
y = 66.46 x = 66x (approximately) 


then draw the conversion graph. 
We tabulate the values as below. 


Cy ee eee 198 


Plotting the points corresponding to the ordered pairs (x, y) from the above 
table and joining them provides the currency linear graph of rupees against dollars as 
shown in the figure. . 
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1 . ae 
Conversion graph x = ee of y = 66x can be shown by interchanging x-axis to 


y-axis and vice versa. 


EXERCISE 8.2 


1. | Draw the conversion graph between litres and gallons using the relation 
9 litres = 2 gallons (approximately), and taking litres along horizontal axis and 
gallons along vertical axis. From the graph, read 


(i) the number of gallons in 18 litres 
(ii) the number of litres in 8 gallons. 


2. On 15.03.2008 the exchange rate of Pakistani currency and Saudi Riyal was as 
under: 
1 S. Riyal = 16.70 Rupees 
If Pakistani currency y is an expression of S. Riyal x, expressed under the rule 
y = 16.70x, then draw the conversion graph between these two currencies by 
taking S. Riyal along x-axis. 
3. Sketch the graph of each of the following lines. 


(a) x-3y+2=0 (b). 3x-2y—1=0 (c) 2y—-x+2=0 
(d) y-2x=0 . (ec) , 3y-1=0 (ff) y+3x=0 
(g) 2x+6=0 

4. Draw the graph for following relations. 
(i) One mile = 1.6 km (ii) One Acre = 0.4 Hectare 
(iii) F= 2 C +32 (iv) One Rupee = a $ 


8.3. Graphical Solution of Linear Equations in two Variables 


We solve here simultaneous linear equations in two variables by graphical 
method. 


Let the system of equations be, 
2x-y=3 
x+3y=3 
Table of Values 
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By plotting the points we get the following graph. 


aoa 

SCE Eseah 
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The solution of the system is the point R where the lines / and ¢’ meet at, i.e., 
R(1-7, 0-4) such that x = 1.7 and y = 0-4. 
Example 


Solve graphically, the following linear system of two equations in two variables 
x and y; 


eS, ei, YE TR eS i ee ee (i) 
x-y=2 BR UNC Oc kuaeees (11) 
Solution 
The equations (i) and (ii) are represented graphically with the help of their 
points of intersection with the coordinate axes of the same co-ordinate plane. - , 


The points of intersections of the lines representing equation (i) and tii) are 
given in the following table: 





The points P(O, 1-5) and Q(3, 0) of equation (i) are plotted in the plane and the 
corresponding line / : x + 2y = 3 is traced by joining P and Q. 

Similarly, the line £’: x — y = 2 of (ii) is obtained by plotting the points 
P (0, —2) and Q (2, 0) in the plane and joining them to trace the line @’ as below: 
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Solve the following pair of equations in x and y graphically. 


1. 
sD 
7 


(i) 


(ii) 


(111) 


(iv) 


(v) 


(vi) 





The common point S(2.3, 0.3) on both the lines “and £@’is the 
solution of the system. 


EXERCISE 8.3 


x+y=Oand2x-—y+3=0 2. 
2x+y=Oandx+2y=2 4. 
2x +y—1=0 and x=-y 


REVIEW EXERCISE 8 


Choose the correct answer. 

If (x- 1, y+ 1) = (0, 0), then (x, y) is 
oe ai) (OP VEE ay Oe 
If (x, 0) = (0, y), then (x, y) is 


(a) (0,1) (b) (1,9) (c) 
Point (2, —3) lies in quadrant 

(a) | (b) U (Cc) 
Point (—3, —3) lies in quadrant 

(a) I (b) Uf (c) 
If y=2x+1,x=2 then yis 

(a) 2 (b) 3 (c) 


Which ordered pair satisfies the equation y = 2x). 
(2, 2) 
Identify the following statements as True or False. 
(i) The point O(0, 0) is in quadrant II. 


(ii) The point P(2, 0) lies on x-axis. - 


required 


x-y+1=Oandx-2y=-1 
x+y-1=Oandx—y+1=0 


(1, 1) 
(0, 0) 
a 
iil 


4 


(d) (-I,-1) 


(d) i, 1) 


(d) IV 


(d) IV 


y's 


(d) (0,1) 


* 


+ + + * 
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(iii) The graph of x = —2 is a vertical line.  OSf SOE Pat PCA RARE: eens 
(iv) 3-—y=0Oisa horizontal line. a ate eee 
(v) The point Q(-1)2)1s mauadmnth per witty cee 
(vi): “The point RF) 2) 1s a Great TV ee 
(vil) y= x18 A Gacpnamich Grizinties § fw OEE SE Rb ot. 
(vil): The point (Lid) fiesonthe Bnex+y=0.-5 0 BT Teh. ceckles 
Gx) The: pomtS(iashermn quadrant WT. OR 
(x) . The point R(O, 1) Tes on the x-axis.. = i i ee 
Draw the following points on the graph paper. 

(-3, -3), (-6, 4), (4, -5), (5, 3) 

Draw the graph of the following 


G@) x S-665 (ii) y=7 
ne 5 9 

Gi) — x= 5) (iv) y=- 5 

MH iyv=e8x (vi) y=-—2x+1 

Draw the following graph. 

1) y=0.62x | a. pe 25a 

Solve the following pair of equations graphically. 

| 

(i) “x= y=, LAS ROEE: Ry 

(1) .-x = 3y, | 2x — 3y =-6 ' 
aes ] 

(il) 3(+y)=2, i 2 Ei 

SUMMARY 


An ordered pair is a pair of elements in which elements are written in specific 
5,4 =) BO ig 


The plane formed by two straight lines perpendicular to. each other is called 
cartesian plane and the lines are called coordinate axes. 


The point of intersection of two coordinate axes is called origin. 


There is a one-to-one correspondence between ordered pair and a point in 
Cartesian plane and vice versa. 


Cartesian plane is also known as coordinate plane. 

Cartesian plane is divided into four quadrants. 

The x-coordinate of a point is called abcissa and y-coordinate is called ordinate. 
The set of points which lie on the same line are called collinear points. 
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Unit 9 


INTRODUCTION TO 
COORDINATE GEOMETRY 


Unit Outlines 
9.1 Introduction 
9.2. The Distance Formula 
9.3 Collinear Points 
9.4 Mid Point Formula 


Students Learning Outcomes 
















After studying this unit the students will be able to: 
* . define coordinate geometry. 


* derive- distance formula to calculate distance between two points given in 
Cartesian plane. 


use distance formula to find distance between two given points. - 

define collinear points. Distinguish between collinear and non-collinear points. 
use distance formula to show that given three (or more) points are collinear. 
use distance formula to show that the given three non-collinear points form 

® an equilateral triangle, 

® an isosceles triangle, 

® a right angled triangle, 

® a scalene triangle. 

use distance formula to show that given four non-collinear points form 

2 a square, 

® a rectangle, 

@ a parallelogram. 

recognize the formula to find the midpoint of the line; joining two given points. 


* apply distance and mid-point formulae to solve/verify different standard results 
related to geometry. 


e+ + + 


9.1 Distance Formula 
9.1.1 Coordinate Geometry 


The study of geometrical shapes in a plane is called plane geometry. Coordinate 
geometry is the study of geometrical shapes in the Cartesian plane (coordinate plane). 
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We know that a plane is divided into four quadrants by two perpendicular lines 
called the axes intersecting at origin. We have also seen: that there is one to one 
correspondence between the points of the plane and the ordered pairs in R xR. 


9.1.2 Finding Distance between two points Q(x, 7) 


Let P(x, y;) and Q(x, yz) be two Yr | 
sna 
| 
2 N(@, yy) 












points in the coordinate plane where d i 
the — of the line segment PQ. i.e., 
IPQI = 
a line segments MQ and LP 
parallel to y-axis meet x-axis at points M 
and L, respectively with coordinates 
M(x2,0) and L(x), 0). 


The line- itis “pa PN is parallel to 
X-axis. 


In the right triangle PNQ, 
INQI = ly2 — yy! and IPNI =lx> —xI. 
! Using bytlisacves Theorem _ 
POP =1PN? +1ONI 
; > d* = xy +x)? # ly, -~y 


> d =] Ixy — x4? + lyy = yy? S 
Thus d= ley = 24/7 #lyy — y,? , since d>0O always. 


9.1.3 Use of Distance Formula 
The use of distance formula is explained in the following examples. 


(2 


Example 1 
Using the distance formula, find the distance between the points. 
(Gi) P(1, 2) and Q(O, 3) Gi) S(-1, 3) and R(3, —2) 
(iii) U(O, 2) and V(-3,0) (iy) P’(1, 1) and Q’(2, 2) 
_ Solutions 


@ Pd = _ 0=+6-aF 

—. eg Tea 
(3~(-1)) 3 #-3- -3y 
Wer +C5F = Jiee3s - lai 





(ii) ISR 
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(ii) (Ov! = /(-3-0) +(0-2) | 
= /(-3) +(-2) = J94+4 = 13 


(iv) IPO’! (7s iy eet 
= + 1=y2 


EXERCISE 9.1 
1. Find the distance between the following pairs of points. 
(a) A(9, 2), BC7, 2) (b) A(2,-6), BB, —6) 
(c) A(-8, 1), BO, 1) (d) A(-4, V2), B(-4, -3) 
(e) A(3,-11), BG, —4 -(f) AC, 0), BO, —5) 


2. Let P be the point on x-axis with x-coordiante a and Q be the point on y-axis 
with y-coordinate b as given below. Find the distance between P and Q. 
(i) a=9, 07 i) -a=2;6=5 (ii) a=—-8,b=6 
(iv) a=-2,b=-3 (v) a=V2,b=1~ (vi) a=-9,b=—-4 


9.2 Collinear Points 
9.2.1 Collinear or Non-collinear Points in the Plane 

Two or more than two points which lie on the same straight line are called 
collinear points with respect to that line; otherwise they are called non-collinear. 

Let m bea line, then all the points on line m are collinear. 


In the given figure the points P and Q are collinear with respect to the line m 
and the points P and R are not collinear with respect to it. 


R 
Qeerolict ott a erie oro et es 
P Q 
9.2.2 Use of Distance Formula to show the Collinearity of Three or more 
Points in the Plane 
Let P, Q and R be three points in the plane. They are called collinear 
if |IPQI+I/IQRI=IPRI, otherwise they are non-collinear. 
Example 
Using distance formula show that the points 
(i) P(—2,-1), Q(O, 3) and R(1, 5) are collinear. 
(ii) The above points P, Q, R and S(1, —1) are not collinear. 
Solution 
(i) By using the distance formula, we find 


IPQI=*/(0 + 2)? + 3+ 1) =4 + 16 =/20 = 21/5 
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IQR! =~ — 0) + (5-3 =\/1+4= 
and IPRI=*/(1+2)'+ (5+ 1)°=9 + 36=\45 = 35 


Since IPQI + IQRI = 2\/5 + \/5 = 3/5 = PRI, 
therefore, the points P, Q and R are collinear 


(i) IPSI=~/(-2- 1)? + (1+ 1) =-3)"+0=3 
Since IQSI=*/(1 — 0)’ + (-1 -3)°=/1 + 16 = 


and |PQI + IQS! #IPS!, 


therefore the points P, Q and S are not collinear and hence, the points P, Q, R 
and S are also not collinear. — 


A closed figure in a plane obtained by joining C 
three non-collinear points is called a triangle. 
In the triangle ABC the non-collinear points A, tranele 
B and C are the three vertices of the triangle ABC. 
The line segments AB, BC and CA are called sides of A B 


the triangle. 


9.2.3 Use of Distance Formula to Different Shapes of a Triangle 


We expand the idea of a triangle to its different kinds depending on the length 
of the three sides of the triangle as: 


(i) | Equilateral triangle (ii) Isosceles triangle 
(iii) Right angled triangle (iv) Scalene triangle 
We discuss the triangles (i) to (iv) in order. 
(i) Equilateral Triangle 
If the lengths of all the three sides of a triangle are same, then the triangle is 
called an equilateral triangle. 


Example 


The triangle OPQ is an equilateral triangle since the points O(0,0), P( 


a 
2/2’ 2/2 


lOPL = 


oleae) -a- Eo 


d Ee =| are not collinear, where 


s- 
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2 - 2 2 
and IPO a, Hah Epo ec = (3 ,{ 3 
fd” [2 VIZ Def DW 4B je 


i.e., IOP! =IQOl =IPQI= a real number and the points O(0, 0), 


ro 


Q a aA and P (— 0 are not collinear. Hence the triangle OPQ is 


2° o2 


equilateral. 





(ii) An Isosceles Triangle 


7 An isosceles triangle PQR is a triangle which has two of its sides with equal 
length while the third side has a different length. 


Example ) 
The triangle PQR is an isosceles triangle as for the non-collinear points 
P(—1, 0), Q(1, 0) and R (0, 1) shown in the following figure, 


Fa Pa i la 
COEF SS ER A Se PW 
Feat a ie a i 
Pee rN | 
We RE 
ert tts Oke Be Le, 
7 
XECLD | Pl | Qaloyxy | 
20 8 DB ise Pe aes te 
2 SRE Bg aae 
ick LN OR RE Sa ESS 


‘ 
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IPQI = y(1-(-1)’ +(0-0) = (141) +0 =V4 =2 
IQRI = ymin +(i-oyY = cg -1) +P = 141 = /2 
PRI =VO-(-))?+0-0" = Vitl = V2 


Since IQRI = IPR| = /2 and a3 2 # /2 so the non-collinear points P,Q, R 
form an isosceles triangle PQR. 


(iii) Right Angle Triangle 


A triangle in which one of the angles has measure equal to 90° is called a right 
angle triangle. 


Example 


Let O(0, 0), P(—3, 0) and Q(O, 2) be three non-collinear points. Verify that 
triangle OPQ is right-angled. 


Visual Proof of Pythagoras’ Theorem 
OQ = \(0-0) +(2-0) = V2? =2 night nee ingle ABC 
OPI = (-3)’ + : =/9 = Sie 
‘ IPQ! = y(-3)+(-2) =9+4 =4/13 


~ 













oe 
mie 
Kes bal 
an) 
sabia 
ial Pe 
Bs: 
er 
ab) 
3,0) | 
a iS foo ews 


Now |OQI’ + IOP? = (2)” + (3)° = 13 and IPQI* = 13 

Since |OQI’ + OPI’ = IPQI’ , therefore ZPOQ = 90° 

Hence the given non-collinear points form a right triangle. 
(iv) Scalene Triangle 


A triangle is ure a scalene triangle if measures of all the three sides are 
different. | 


Here 1.5 square block 
= | unit length 
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Example 

Show that the points P(1, 2), Q(—2, 1) and R(2, 1) in the plane form a scalene 
triangle. 
Solution 


PQI=V(-2 - 1)? + (1 — 27° = V3)" + Cb? = 9+ 1=-V10 
IQR! = (2 + 2) + (1-1) = 4? + 0? = V4? <4 
and IPRI=\/(2— 1)°+ (1-2) =V 2+ =P +7 =y2 
i A i A ek 
aE 





Hence |PQI =~/10, IQR! = 4 and IPRI =-/2 
The points P, Q and R are non-collinear since, IPQI + IQRI > IPRI 
Thus the given points form a scalene triangle. 
9.2.4 Use of distance formula to show that four non-collinear points form a 
square, a rectangle and a parallelogram 
We recognize these three figures as below. 


D C 
S R D C 
e.. 
A | B P QA B 
~ Square Rectangle Parallelogram 


(a) Using Distance Formula to show that given four Non-collinear Points 
form a Square 


A square is a closed figure in the plane formed by four non-collinear points 
such that lengths of all sides are equal and measure of each angle is 90°. 
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Example 
If A(2, 2), B(2, —2), C(—2, —2) and D(—2, 2) be four non-collinear pons in the 
plane, then verify that they form a square ABCD. 


Solution 


Since IABL =\/(2-2)°+ 22) S04 (4) =A/16. = 4 
IBC] =+/(-2—2)? +242) =VC4y? 40° =V16 = =4 
CDI =V\(-2- (2) + (2-2) 
=\(-2 + 2) +(2+2 *=/0 + 16 =\/16=4 
IDAl =\/(2 +2)°+ 2-2) =V44) +0=/16 =4, 


iia Whi Ps) a a 
a wee ice. Sea ami al 
‘De-2 ay | Pty tT lag, 2) | 
i Oe i ld Wie 1» Oe ts a 
Pas wp A Set a A 
Pe EO To Sa 2 a 
1s We a a ai a 
(DSi: SB oust tse. So mato ea 
Ses eS a ee 
Cee. 
Td dat tek hal Tle hel 
C44 | | | | | | | Be.) 
rR RH AS MEA tik elm el 
ae ESE SEE OE Ba ae Wel 


hence IAB! = IBC! = |CDI = IDAI = 4. 
Also IAC] = (-2 - 2)" +(-2 - 2° = (4 + 4) = 16 + 16 = (32 = 4/2 
Now IABI’ + IBCI’ = (4) + (4)° = 32, and IACP = (4/2)? = 32 

Since IABI’ + IBCI’ = ACP’, therefore ZABC = 90° | 

Hence the given four non-collinear points form a square. 





















(b) Using Distance Formula to show that given four Non-Collinear Points form 
a Rectangle 
A figure formed in the plane by four non-collinear points is called a rectangle 
if, ; 
(i) its opposite sides are equal in length; 
(ii) the angle at each vertex is of measure 90°. 
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Example 
Show that the points A(-2, 0), B(-2, 3), C(2, 3) and D(2, 0) form a rectangle. 


Solution 
Using distance formula, 


IABL =\/(-2+ 2) + G-0) =0+9= V9 =3 
iDcl =\(2—2)°+G-0) =0+9=V9 =3 
IADI =\/(2 + 2)°+ (0-0) =V16+0=4 
IBC] =\/(2+2)'+@G-3) =V16+0=V16 


il ad 


4 


ee: 
Py at 





Since IABI=IDCI=3 and IADI=IBCl=4, 
therefore, opposite sides are nang 


Also IACI =\/(2 +2) + 3-0) =V/16 + 9 = 25 =5 
~ Now IADP + IDC? = (4) + (3) = 25, and= IACI = oy Pe 
Since IAD + IDCF = IACI , 
therefore m ZADC = 90° 
Hence the given points form a rectangle. 
‘(c) Use of Distance Formula to show that given four Non-Collinear Points 
Form a Parallelogram 
Definition 
A figure formed by four non-collinear points in the plane is called a 
- parallelogram if 
(i) its opposite sides are of equal length 
(ii) its opposite sides are parallel 
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Example 


Show that the points A(—2, 1), B(2, 1), C(3, 3) and D(-l, 3) form a 
parallelogram. 


Solution 





best otlebep Osi tb abs yhail X 
aL te baat A | deleted bol. 
San BG ee ER ie ie i A a aa 
SUEDE ee A RR esi 
og i BN ad a es ad ik a ed Wt he oy eal 
ah S59 OR S08 Ak a as 


By distance formula, 
=\/(2+2)°+ (1-1) =1/4+0=J16 =4 
ICD! =VG+4+1)?+ 3-3) =1/4 +0=/16 =4 
IAD =V(-14+2)?+G-1)=V?+2=\144=15 
IBC] =V(3-2)'+G-1P=V12+2=5 


Since IABI=ICDI=4 and IADI=IBCI=1/5, 







Hence the given points form a parallelogram. 
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10. 


9.3. Mid-Point Formula 
9.3.1 Recognition of the Mid-Point 


points on the x-axis. Then the origin 
O(0, 0) is the mid-point of P and Q, since 


and Q are collinear. 


of the points P;(0, 3) and Q;(0, —3) since 


points P;, O and Q, are collinear. 


EXERCISE 9.2 


Show whether the points with vertices (5, —2), (5, 4) and (—4, 1) are vertices of © 
an equilateral triangle or an isosceles triangle? 


Show whether or not the points with vertices (—1, 1), (5, 4), (2, —-2) and (—4, 1) 
form a square? 


Show whether or not the points with coordinates (1, 3), (4, 2) and (—2, 6) are 
vertices of a right triangle? 


Use the distance formula to prove whether or not the points (1, 1), (—2, —8) and 
(4, 10) lie on a straight line? 


Find k, given that the point (2, k) is equidistant from (3, 7) and (9, 1). 


Use distance formula to verify that the points A(O, 7), B(3,,—-5), C(—2, 15) are 
collinear. 


Verify whether or not the points O(0, 0), AQ/3 Ds BQ/3 , -1) are the vertices 


of an equilateral triangle. 


Show that the points A(—6, —5), B(5, —5), C(5, —8) and D(—6, —8) are vertices of 
a rectangle. Find the lengths of its diagonals. Are they equal? 


Show that.the points M(—1, 4), N(-—5, 3), P(1 — 3) and Q(5, —2) are the vertices 
of a parallelogram. 


Find the length of the diameter of the circle having centre at ae —3, 6) and 
passing through P(1, 3). 


Let P(—2, 0) and Q(2, 0) be two 


IOP! = 2 = l|OQI| and the points P, O ,’ 


Similarly the origin is the mid-point 


IE TG ee a lOQ;| and the 





Recognition of the Mid-Point Formula 
for any two Points in the Plane 


Let Pj(xj, yj) and P(x, y>) be any two points in the plane and R(x, y) be 


mid-point of points P; and P, on the line-segment P,P, as shown in the figure below. 
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P (x, V2) 





Xx 


Sah ha A 


y , /. 
If line-segment MN, parallel to x-axis, has its mid-point R(x, y), 
then, x» -x=x =x; 

X1 +X7 
=> xwsrpexrrs> ea Ts 
hd ae 

2 





‘y 


Similarly, y= 


Thus the point R(x, y) = R 








Kp ry yp ry ; 
( > : 5) 2 is the mid-point of the points 


P(x}, yy) and P (x9, y). 
9.3.2 Verification of the Mid-Point Formula 


Re a ae, 3 z yy +y 2 
IP; RI = ( 5 ES ay Hees 2 dys 
+ She shagt 
2 pe hy. 
_1 
5 2- x1) +(2-y,) = 5 IP Po 
xX; +x + 2 
and IP>RI Paiee BS af EG 
Pe fe ay eine =< 
oe Ss Mie Wc 
2 
" feel Fee | 
ag ee ay age A 
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a i foes f 
é i: Pee 

| 
= a\ (xy - 2x4) + O2- yi) 


] 
—J IP>RI = IP, RI = 7 IP, Pl 








eae Ay XQ YF 92") 2 
Thus it verifies that R| —4_ .— 5 } 18 the mid-point of the line segment 





P,RP> which lies on the line segment since, 
IP, RI + IP.RI = IP; PI 
If P(x;, y:) and Q(x, y2) are two points in the plane, 
then the mid-point R(x, y) of the line segment PQ is 
xj +x2 yy +y2 ) 


Roy) =R{ 2 We 2 





Example 1 : 

Find the mid-point of the line segment joining A(2, 5) and B(-1, 1). 
Solution . 

If R(x, y) is the desired mid-point then, 


int Se Pee ke 
A ee Dig, i 





Hence: Rix, y) = BK (+ ee ) 
Example 2 

Let P(2, 3) and Q(x, y) be two points in the plane such that R(1, —1) is the mid- 
point of the points P and Q. Find x and y. 
Solution 

Since R(1, —1) is the mid-point of P(2, 3) and Q(x, y) then, 


x+2 y+3 





SS e2g=x4+2 = e2= y+ 3 
— x= => y=-) 
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Example 3 


Let ABC be a triangle as shown below. If M;, M2 and Ms are the middle points 
of the line-segments AB, BC and CA respectively, find the coordinates of M;, M2 and 
M3. Also determine the type of the triangle MjM2Ms3. 








Solution 
7 345 248 Challenge! 
Mid-point of AB = mi ; 78 =Mi(1,5) | Is40Mi M2Msalso aright | - 
. : | _ angled triangle? 
Mid-point of BC = My (222, 52). M2(5, 5) 7 
BOS, 8) 
M, 
M) 
A(-3, 2) M3 C(5, 2) 


and Mid-point of AC = M; aS. 22) = M,(1, 2) 


The triangle M;M>M; has sides with length, 
IMiMol = (5-1) +(5-5 =V474+0=4 2... (i) 
IM2M3l = / (1-5) +(2—5)* =,/(-4) +(-3) 
= J16+9 = /25=5 wclank ey Sa (ii) 
and IMiM3l = y(1-1) +(2-5) =,0?+(-3P =3 _...... (iii) 


All the lengths of the three sides are different. Hence the triangle M;M»2Ms3 is a 
Scalene triangle. 


Example 4 
Let O(0, 0), A(3, 0) and B(3, 5) be three points in the plane. If M; is the 
mid-point of AB and M) of OB, then show that IM;M>|= ; IOAI. 
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Solution 
By the distance formula the distance 


IOAl = — 0° + 0 — Oy = V3? =3 


The mid-point of AB is 


3+3 5 5 
My =Mi (757.3) =(33) 


Now the —— of OB is M2 = M2 (3°. : 3 3 >) 





2.3 
4 


B(3,5) 





A(3,0) 


Hence 


2 
IM,Mp5l = 3-3] (3-8)'4 ) +0 = |2+0 = 5 e a 
2 24-8 


Let P(x), y,) and Q(x, yz) be airy two points and their midpoint be 


x +. ~ 
u( 2 AD ) Thea 


(i) is at equal distance from P and Q 
i.e., [PMI =IMQI 
(ii) is an interior point of the line segment PQ. 
(iii) every point R in the plane at equal distance from P and Q is not their mid-point. 


For example, the point R(0, 1) is at equal distance from P(—3, 0) and Q(3, 0) but 
is not their mid-point 


ie, IRQ= (0-3) +(1-0 eA 3y +1 =9 + =/10 
IRPI=\\(0 + 3) +1 — 0” = 3" + 1 =/10 


(iv) 


(i) 


(il) 


(iil) 


(iv) 


183 | Mathematics 9 


and mid-point of P(—3, 0) and Q(3, 0) is 


—3+3 0+0 
where x= > =0 and y= ews =i0); 





The point (0, 1) # (0, 0). 
There is a unique midpoint of any two points in the plane. 


EXERCISE 9.3 


Find the mid-point of the line segment joining each of the following pairs of 
points 


(a) A(9, 2), B(7, 2) > (b) A(2,-6), B(3, -6) 
(c) A(-8, 1), BG, 1D (d) A(-4, 9), B(-4, -3), 
(e) A(3,-11), BC3, -4) (f) . A(O, 0), BO, —5) 


The end point P of a line segment PQ is (—3, 6) and its mid-point is (5, 8). Find 
the coordinates of the end point Q. 


Prove that mid-point of the hypcisenises of a right triangle is equidistant from its 
three vertices P(—2, 5), Q(1, 3) and R(-1, 0). 


If O(0, 0), A(3, 0) and B(3, 5) are three points in the plane, find M, and Mp, as 
mid-points of the line segments AB and OB respectively. Find IM; Mol. 

Show that the diagonals of the parallelogram having vertices A(1, 2), B(4, 2), 
C(—1, —3) and D(-4, —3) bisect each other. 

[Hint: The mid-points of the diagonals coincide] 


The vertices of a triangle are P(4, 6), Q(—2, —4) and R(-8, 2). Show that the 
wee of the line segment joining the mid-points of the line segments PR, QR is 


5 PQ. 


REVIEW EXERCISE 9 
Choose the correct answer. 
Distance between points (0, 0) and (1, 1) is 


(a) 0 (b) 1 (py 3 (d) -y2. 
Distance between the points (1, 0) and (0, 1) is 

(a) 0 (b) 1 (c) 2 (d) 2 
Mid-point of the points (2, 2) and (0, Q) is 

(a) AEX) (b) (1,0) (c) 0, 1) (d) (-1, -1) 


Mid-point of the points (2, —2) and (—2, 2) is 
(a) (2,2) (BD) (2, -2) . fev 4058) (d) (1, 1) 
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(v) 


(vi) 


A triangle having all sides equal is called | 
(a) Isosceles (b) Scalene 


(c) Eguilateral (d) None of these 
A triangle having all sides different is called 

(a) Isosceles -(b) Scalene 

(c) Equilateral (d) None of these 


Answer the following, which is true and which is false. 
(i) A line has two end points. 

(ii) A line segment has one end point. 

(iii) A triangle is formed by three collinear points. 
(iv) Each side of a triangle has two collinear vertices. = © ...... 
(v) Theend points of each side of arectangle arecollinear,. = ~~ ....... 
(vi) All the points that lie on the x-axis are collinear. 

(vii) Origin is the only point collinear with the points of both the axes 


separately. SAG foo) o8 Pk SRT Se GH BIO OG AS Shi... 
Find the distance between the followihe pairs of points. 
G) (6, 3),(3;-3) Gi) (7,5), 0, -1) (iii) (0, 0), (-4, —3) 


Find the mid-point between following pairs of points. 
(i) (6,6), (4,-2) Gi). (-S,-7), -7,-5) Git’). (8, 0), (0, = 12) 


Define the following 

(i) | Co-ordinate Geometry (ii) Collinear points 
(iii) Non-collinear points (iv) Equilateral Triangle 
(v) Scalene Triangle (vi) Isosceles Triangle 
(vii) Right Triangle (viii) Square 


SUMMARY 

If P(x1, y1) and Q(x, y2) are two points and d is the distance between them, then 

d= lx; — xl" + ly — yl” 
The concept of non-collinearity supports formation of the three-sided and four- 
sided shapes of the geometrical figures. 
The points P, Q and R are collinear if IPQ] + IQRI = IPRI 
The three points P, Q and R form a triangle if and only if they are non-collinear 
i.e., IPQ! + IQRI > IPRI 


If IPQ! + IQRI < IPRI, then no unique triangle can be ng ie by the apie P.O 
and R. 


Different forms of a triangle i.e., equilateral, isosceles, right angled ne scalene 
are discussed in this unit. 


Similarly; the four-sided figures, square, rectangle and parallelogram are also 


discussed. 


Unit 10 


CONGRUENT TRIANGLES 


Unit Outlines 
10.1. Congruent Triangles 


Students Learning Outcomes 


After studying this unit, the students will be able to: 

‘ prove that in any correspondence of two triangles, if one side and any two 
angles of one triangle are congruent to the corresponding side and angles of the 
other, then the triangles are congruent. 

. prove that if two angles of a triangle are congruent, then the sides opposite to 
them are also congruent. ~ 

> prove that in a correspondence of two triangles, if three sides of one triangle are 
congruent to the corresponding three sides of the other, the two triangles are 
congruent. 

, prove that if in the correspondence of two right-angled triangles, the 

hypotenuse and one side of one are congruent to the hypotenuse and the 

corresponding side of the other, then the triangles are congruent. 








10.1. Congruent Triangles 
Introduction 
In this unit before proving the theorems, we will explain what is meant by 1 — 1 
correspondence (the symbol used for 1 — 1 correspondence is <—>) and congruency 
of triangles. We shall also state S.A.S. postulate. 
A D 


B (Oa oe ¥ 


Let there be two triangles ABC and DEF. Out of the total six (1-— 1) 
correspondences that can be established between AABC and ADEF, one of the 
choices is explained below. 


In the correspondence AABC <—> ADEF it means 


ZA ZD (ZA corresponds to ZD) 
ZB ZE (ZB corresponds to ZE) 
ab @ pamper 8 (ZC corresponds to ZF) 


185 
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f 


AB <> DE ™e (AB corresponds to DE) 


BC <> EF (BC corresponds to EF) 
CA <> FD (CA corresponds to FD) 


Congruency of Triangles 


Two triangles are said to be congruent written symbolically as, =, if there exists 
a correspondence between them such that all the corresponding sides and angles are 
congruent L.e., , 


AB = DE LAS ZPD 
if4ieBOsER: ociandesio Zee ss 
CA = FD ZC = ZF 
then AABC = ADEF _ 
A D 
B = C-'R F 


Note: 


(i) These triangles are congruent w.r.t. the above mentioned choice of the 
(1 — 1) correspondence. 


(i) AABC=AABC 
(iii) AABC = ADEF © ADEF = AABC 
(iv) IfAABC=ADEF and AABC = APQR, then ADEF = APQR. 


In any correspondence of two triangles, if two sides and their included angle of 
one triangle are congruent to the corresponding two sides and their included angle of 
the other, then the triangles are congruent. 


In. AABC <— ADEF, shown in the following figure. 


fo sd adel A D 
AB = DE - 
AC =DF B aati * F 


then AABC=ADEF  (S.A:S. Postulate) 
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Theorem 10.1.1 


In any correspondence of two triangles, if one side and any two angles of 
one triangle are congruent to the corresponding side and angles of the other, 
then the triangles are congruent. (A.S.A = A.S.A.) 


A 





B is 
Given 


In AABC + ~> ADEF 
ZB= ZE, BC =EF, ZC = ZF. 


To Prove 
AABC = ADEF 


Construction 
Suppose AB 3b DE. Take a point M on DE such that AB = ME. Join M to F 
Proof 


Statements 














e. Construction 





irene i] Given 








natdins iil Given 
S.A.S. postulate 


(Corresponding angles of congruent 
triangles) 






So, 











But ZC= ZDFE Given 
“.  ZDFE= ZMFE 
This is possible only if D and M are the 


same points, and ME = DE 


Both congruent to ZC 





AB = ME (construction) and 


ABs Bor ia pes 
ME = DE (proved) 





So, 





Thus from (1i), (iii) and (iv), we have 
AABC = ADEF 









S.A.S. postulate 
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Corollary 


In any correspondence of two triangles, if one side and any two angles of 
one triangle are congruent to the corresponding side and angles of the other, 
then the triangles are congruent. (S.A.A. = S.A.A.) 


Given 
In AABC ¢<—> ADEF 


BC=EF, ZA=ZD, ZB=ZE 
A D 
B C E F 


AABC = ADEF 


To Prove 


Proof 


Statements 


Given 


Given 
ZA=ZD, ZB = ZE, (Given) 





Example 


If AABC and ADCB are on the opposite sides 
of common base BC such that: 


AL | BC, DM | BC and 

| AL = DM, then BC bisects AD. 

Given 
AABC and ADCB are on the opposite sides of 

BC such that AL L BC, DM 1 BC, AL = DM, and 





AD is cut by BC at N. 


To Prove 
AN = DN 
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Proof 
Statements 

AALN <— ADMN 
AL = DM 
<ALN = <DMN ‘Each-angle is right angle 
ZANL = <DNM Vertical angles . 
AALN = ADMN S.A.A. =S.A.A. 

Sieheo AN = DN ~+Corresponding sides of = As. 


—_ 


Given 





EXERCISE 10.1 
1. Inthe given figure, 
AB = CR 71> 72: 
Prove that 
AABD = ACBE. 





2. | From a point on the bisector of an angle, perpendiculars are drawn to the arms 
of the angle. Prove that these perpendiculars are equal in measure. 


3. Ina triangle ABC, the bisectors of ZB and ZC meet in a point I. Prove that I is 
equidistant from the three sides of AABC. 
’ Theorem 10.1.2 


If two angles of a triangle are congruent, then the sides opposite to them 
are also congruent. 


A 
Given /\ 
Ia’ KABC. ZB = ZE€ 
To Prove | 
AB = AC 
Construction /* *\ 


Draw the bisector of ZA, meeting BC at the point D. B D C 
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Proof 


} Statements 


AABD <— AACD 


AD = AD Common 
ZB=ZC Given 

ZBAD = ZCAD Construction 
AABD = AACD S.A.A. 2S.A.A. 


(Corresponding sides of congruent 


Hence AB = AC triangles) 





Example 1 
If one angle of a right triangled triangle is of 30°, the hypotenuse is twice 
as long as the side opposite to the angle. 


Given i, 
in 7 AABC, mZB= 90° and 
mzC= 30° D 
To Prove 
mAC = 2mAB ; = 0° " 
Construction 


At B, construct ZCBD of 30°. Let BD cut AC at the point D. 
Proof | | 
AABD, mZA = 60° mZABC = 90°, mZC = 30° 
mZABD = mZABC—-mZCBD 
= 60° 
mZADB = 60° 
AABD is equilateral 



















mZABC = 90°, mZCBD = 30° 
Sum of measures of Zs of a Ais 180° 






Each of its angles is equal to 60° 











AB = BD= AD Sides of equilateral A 





In ABCD, BD=CD ZC = ZCBD (each of 30°), 






Thus mAC — mAD + mCD 





= mAB + mAB 
= 2(mAB) 


AD = AB and CD = BD= AB 
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Example 2 A 


If the bisector of an angle of a triangle bisects 
the side opposite to it, the triangle is isosceles. 


Given | 

In AABC, AD bisects ZA and BD = CD 
To Prove 

AB = AC 

Construction : 

Produce AD to E, and take ED = AD 

Joint C to E. | 
Proof | 


~ 


I « 


AADB <—} AEDC 


AD = ED Construction 

ZADB = ZEDC Vertical angles 

BD =CD | Given 

AADB = AEDC S.A.S. Postulate 

AB = EC Corresponding sides of = As 
ZBAD = ZE Corresponding angles of = As 


ZBAD = ZCAD Given 
ZE= ZCAD Each = ZBAD 


In AACE, AC=EC ZE = ZCAD (proved) . 





Hence AB = AC From I and II 


EXERCISE 10.2 
1. Prove that any two medians of an equilateral triangle are equal in measure. 


2. Prove that a point, which is equidistant from the end points of a line segment, is 
on the right bisector of the line segment. 
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Theorem 10.1.3 

- In a correspondence of two triangles, if three sides of one triangle are 
congruent to the corresponding three sides of the other, then the two triangles 
are congruent. (S.S.S. = S.S.S.) 


A D 
. rahi 
B C E F 
M 
Given bese. 


In’ AABC <-> ADEF 
AB = DE ,. BC = EF and CA = FD 


To-Prove 
AABC = ADEF 


Construction 
Suppose that in ADEF the side EF is not smaller than any of the remaining two 


sides. On EF construct a AMEF in which, ZFEM = ZB and ME = AB. Join D and 
. M. As shown in the above figures we label some of the angles as 1, 2, 3 and 4. 


Proof 


Statements 


In AABC ¢+—> AMEF 


BC =EF _ | Given 
ZB = ZFEM Construction 
AB = ME | Construction 
AABC = AMEF S.A.S. postulate 
nicl si: iui ed orslesrt aes oaks: (i) (corresponding sides of congruent 
triangles) 


seu eas (ii) | Given 


CA 
&M = FD | {From (i) and (ii) } 
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ne 
In AFDM a 


L232 £497 eee (iii) FM = FD (proved) 
Similarly ZT 2230" <- Ae (iv) 
mZ2+mZ ] =mz4+mZ3 {from (iii) and (iv)} 


mZEDF = mZEMF 
Now, in ADEF <—— AMEF 


FD = FM Proved 
and mZEDF=mZEMF Proved 
DE = ME Each one = AB 
ADEF = AMEF S.A.S. postulate 
Also AABC = AMEF ‘nia a olonnid ey 
| Hence AABC = ADEF 2 Ses A= - AMEF (onved) 
Corollary et oa 


If two. isosceles triangles are formed on the same side of their common 
base, the line eioueh. their venuces is be the — bisector of their common’ 
base. | 


Given 
AABC and ADBC are formed on the 
same side of BC suth that | 


AB 2 KC, DB =DC, AD meets BC atk, 
To Prove : 





BE =CE, AE | BC 


Proof 







Statements 


‘Ee 3 bey= SERS -e4 KI 4 ; s } 
Seri 
‘ : Fr . 
* ES) 8 ie EET CG: 1 ' 
hi Os ples t ven HgiS! 
Eis Fe : 5" 









Caan 


Common xe 
ho. =5.5.5. rd 
Corresponding angles of = “As 







Thi G! 
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In AABE<— AACE 


AB = AC Given 
Z1=22 Proved 
AE = AE _ | Common 
AABE = AACE ; S.A.S. postulate 
BE=CE Corresponding sides of = As 
SS 2 I | Corresponding angles of = As 
mZ3+mZ4= 180° +. Il | Supplementary angles Postulate 
3 mZ3 =mZ4= 90° From I and II 
Hence AE 1 BC 
Corollary: An equilateral triangle is an equiangular triangle. 
| EXERCISE 10.3 D C 


1. Inthe figure, AB =DC, AD =BC. 
Prove that ZA = ZC, ZABC = ZADC. A B 


2. In the figure, LN = MP, MN=LP. 


Prove that ZN = ZP, ZNML = ZPLM. 
L M 


3. _ Prove that the median bisecting the base of an isosceles triangle bisects the 
vertex angle and it is perpendicular to the base. | 


Theorem 10.1.4 

* Tf in the correspondence of the two right-angled triangles, the hypotenuse 
and one side of one triangle are congruent to the hypotenuse and the 
corresponding side of the other, then the triangles are congruent. (H.S=H.S). 
; A D 
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Given 
In AABC<—> ADEF 


ZB=ZE (right angles) 

CA=FD , AB=DE 
To Prove 

AABC = ADEF 


Construction 


Produce FE to a point M such that EM = BC and join the points D and M. 
Proof 


















mZDEF + mZDEM = 180° (Supplementary angles) 


NOW: SCDEP OO r ee sete ci. (ii) | (Given) 
ZOE = AE {from (i) and (1i)} 
In AABC <-> ADEM 











BC = EM 
ZABC = ZDEM 






(construction) 
(each Z equal to 90°) 





AB =DE 






(given) 
S.A.S. postulate 

(Corresponding angles of cOndeuent 
triangles) 

(Corresponding sides of congruent 
triangles) 














(given) 


each is congruent to CA 









MD = FD (proved) 
(proved) 
(each is congruent to ZM) 










| But ZC=/M 
ZC= ZF 
AABC «<—> ADEF 





















AB =DE (given) 
ZABC = ZDEF (given) 
ZC =ZF (proved) 


Hence AABC = ADEF (S.A.A. =S.A.A) 
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Example | | 
If perpendiculars from two vertices of a triangle to the oawuite sides are 

congruent, then the triangle is isosceles. A 

Given 


In AABC, BD1LAC,CE1LAB 
such that BD =CE 
To Prove 
AB = AC 
Proof B C 


Statements 


ABCD <— ACBE 












BD | AC, CE | AB (given) 
= each angle = 90°. 





ZBDC = ZBEC 





BC =BC Common hypotenuse 
BD =CE 
ABCD = ACBE 
ZBCD = ZCBE 


Thus ZBCA = ZCBA 
Hence AB = AC 





Given 
HS. = HS. 


Corresponding angles of = As. 
























In AABC, ZBCA = ZCBA 





EXERCISE 10.4 P 


1. In APAB of figure, PQ | AB and PA = PB, prove 


that AQ = BQ and ZAPQ = ZBPQ. 
Bs Q 


2. Inthe figure, m7C = mZD = 90° and 


BC = AD. Bowe that AC = BD, and 
ZBAC =ZABD. A B 


197 Mathematics 9 


D C 


In the figure, mZB = mZD = 90° and AD = BC. 
Prove that ABCD is a rectangle. > A B 


REVIEW EXERCISE 10 
Which of the following statements ‘are true and which are false? 


(i) A ray has two end points. iW RS. 
(ii) In a triangle, there can be only one right angle. ph 
(iii) Three points are said to be collinear, if they lieonsameline.  ——......... 
(iv) Two,paraligl lines intersect atapoint. =. Oye 
(v), Two,lineg can intersect only atone.point.  * \ eo ae. 
(vi) A triangle of congruent sides has non-congruent angles. = 8 3 3S... ss. 
If AABC = ALMN, then M 

(1) MZMS SRT... : 

(ii) MZN=............ \ 


CEPT PA BE Soc enacts as 
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t. 


a, 


Find the value of unknowns for the given 
congruent triangles. 


If APQR =A ABC, then find the unknowns 


& 





SUMMARY 


In this unit we stated and proved the following theorems: 


* 


‘In any correspondence of two triangles, if one side and any two angles of one 
triangle are congruent to the corresponding side and angles of the other, the two 
triangles are congruent. (A.S.A. = A.S.A.) 


If two angles of a triangle are congruent, then the sides opposite to them are 
also congruent. 


In a correspondence of two triangles, if three sides of one triangle are congruent 
to the corresponding three sides of the other, then the two triangles are 
congruent (S.S.S.=S8.S.S.). 


If in the correspondence of the two right-angled triangles, the hypotenuse and 
one side of one triangle are congruent to the hypotenuse and the corresponding 
side of the other, then the triangles are congruent. (H.S.= H.S,). 


Two triangles are said to be congruent, if there exists a correspondence between 
them such that all the corresponding sides and angles are congruent. 


Unit 11 


PARALLELOGRAMS AND TRIANGLES 


Unit Outlines 


11.1. (i) Parallelograms and 
(ii) Triangles 


Students Learning Outcomes 





* 


After studying this unit, the students will be able to: 





prove that in a parallelogram 
® the opposite sides are congruent, 






® the opposite angles are congruent, 

e the diagonals bisect each other. 

prove that if two opposite sides of a quadrilateral are congruent and parallel, it 
is a parallelogram. | 

prove that the line segment, joining the midpoints of two sides of a triangle, is 
parallel to the third side and is equal to one half of its length. 

prove that the medians of a triangle are concurrent and their point of 
concurrency is the point of trisection of each median. 

prove that if three or more parallel lines make congruent segments on a 
transversal, they also intercept congruent segments on any other line that cuts 
them. : 










Introduction 


Before proceeding to prove the theorems in this unit the students are advised to 


recall definitions of polygons like parallelogram, rectangle, square, rhombus, 
trapezium etc. and in particular triangles and their congruency. 


Theorem 11.1.1 

In a parallelogram 
(i) Opposite sides are congruent. 
(ii) Opposite angles are congruent. 


(iii) The diagonals bisect each other. 





Given 


In a quadrilateral ABCD, AB || DC, BC || AD and the diagonals AC, BD meet 


each other at point O. | 
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To Prove 

(i) AB = DC, AD = BC 

Gi) ZADC= ZABC, ZBAD = ZBCD \ 
(iii) OA=OC, OB =OD 


Construction 


In the figure as shown, we label the angles as 21, 22, 23, 24, Z5 and 26. 
Proof 










Gj) In AABD +—> ACDB 
Z4=71 





alternate angles 















BD =BD 
Z2=L3 
AABD = ACDB 


Common 










alternate angles 

A.S.A, = A.S.A. 

(corresponding sides of congruent 
triangles) 

(corresponding angles of congruent 
triangles) 








So, AB =DC, AD=BC 








and ZA = ZC 










(ii) Since 
LAE ZA insircéno:) saan ceak (a) 
and 42= 23 


we mZ1+mZ2=mZ4+m2Z3 
or mZADC=mZABC 
or ZADC= ZABC 
and ZBAD= ZBCD 
(iii) In ABOC <> ADOA 











Proved 
Proved 


from (a) and (b) 


















Proved in (1) 














BC = AD proved in (i) 
Z5= 26 vertical angles 
Z3=22 Proved 





ABOC = ADOA (A.A.S. =A. A. S.) 


(corresponding sides of congruent 
triangles) 





Hence OC =OA, OB = OD 


Corollary . 
Each diagonal of a parallelogram bisects it into two congruent triangles. 
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Example | 
The bisectors of two angles on the same side of a parallelogram cut each 


other at right angles. 
Given | 

A parallelogram ABCD, in which» 

AB II DC, AD II BC. 

The bisectors of ZA and ZB cut each 
other at E. 


To Prove 





mZE = 90° 


Construction 
Name the angles 21 and 22 as shown in the figure. 


Proof 


Statements 


m/Z1+mZ2 







(mZBAD + mZABC) 







J— DO| = 


(180°) Int. angles on the same side of AB 












0° which cuts Il segments AD and BC 
are supplementary. 


mZ1+m2Z2 = 90° (proved) 


EXERCISE 11.1 


1. One angle of a parallelogram is 130°. Find the measures of its remaining 
angles. 








Hence in AABE, mE = 90° 


2. One exterior angle formed on producing one side of a parallelogram is 40°. 
Find the measures of its interior angles. 


Theorem 11.1.2 } 
If two opposite sides of a quadrilateral 0S C 
are congruent and parallel, it is a 
parallelogram. 
Given 
In a quadrilateral ABCD, » A, 


AB =DC and ABIIDC 
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To Prove 
ABCD is a parallelogram. 


Construction 


Join the point B to D and in the figure, name the angles as indicated: 
21, 22, Z3 and 24 


Proof 


In AABD ¢<—> ACDB 


AB = DC, given 
Da Ne ig | | alternate angles 


BD = BD common 
.. AABD =ACDB S.A.S. postulate 
Now 24= 23 i) | (corresponding angles of congruent 
triangles) 
AD II BC ii) | from (i) 
and AD=BC . (ili) | corresponding sides of congruent As 
Also AB Il DC given | 
Hence ABCD is a parallelogram from (ii) — (iv) 





EXERCISE 11.2 

1. Prove that a quadrilateral is a parallelogram if its 

(a) opposite angles are congruent. (b) diagonals bisect each other. 
2. Prove that a quadrilateral is a parallelogram if its opposite sides are congruent. 
Theorem 11.1.3 

The line segment, joining the mid-points of two sides of a triangle, is 
parallel to the third side and is equal to one half of its length. 

A 
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Given 
In AABC, the mid-points of AB and AC are L and M respectively. . 
To Prove 
LM || BC and miM =5 mBC 
Construction 


Join M to L and produce ML to N such that ML = LN. 
Join N to B and in the figure, name the angles 21, 22 and Z3 as shown. 


Proof 


Statements ; 


In ABLN<—~AALM 











BL = AL Given 


wig 7a 













vertical angles 







NL = ML Construction 
ABLN = AALM S.A.S. postulate 
LBS ae i) | (corresponding angles of congruent 








triangles) 
(corresponding sides of congruent 
triangles) 









aed, (MR IAM. eee (ii) 











But NBI| AM From (i), alternate Zs 


ThusNBIIMC ——e_le>e... (iii) | (Mis a point of AC) 





MC = AMputiccigaia A (iv) | Given 








NB=MCSH AES (v) 
BCMN is a parallelogram 


{from (ii) and (iv)} 
from (iii) and (v) | 
(opposite sides of a parallelogram 
BCMN) 







BC I LM of BC II NL 










AS RS Rugipves* (vi) 
COME ge’ -- 
mLM=5mNM __..... . (vii) 


(opposite sides of a parallelogram) 


Construction 





{from (vi) and (vii)} 





Hence mLM = 4 mBC 






Note that instead of producing ML to N, we can take N on LM produced. 
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Example 

The line segments, joining the mid-points of the sides of a quadrilateral, 
taken in order, form a parallelogram. 
Given D R 

A quadrilateral ABCD, in which P is the 

mid-point of AB, Q is the mid-point of 

BC, R is the mid-point of CD, S is the 

mid-point of DA. Q 

P is joined to Q, Q is joined to R, 

R is joined to S and §S is joined to P. 


To Prove PQRS is a parallelogram. A P B 
Construction Join A to C. 


Proof 


S is the mid-point of DA 


R is the mid-point of CD 


PQ Il AC P is the mid-point of AB 


Ss & 2 $a > 
mPQ = 7 mAC Q is the mid-point of BC 


SR Il PQ Each || AC 


mSR = mPQ Each =5 mAC 


Thus PQRS is a parallelogram SR || PQ, mSR = mPQ (p roved) * 





EXERCISE 11.3 


1. Prove that the line-segments joining, the mid-points of the opposite sides of a 
quadrilateral bisect each other. 


2. Prove that the line-segments joining the mid-points of thé: opposite: ‘sides of a 
rectangle are the right-bisectors of each other. 
(Hint: Diagonals of a rectangle are congruent. | Mies — = M In: 3009) 
3. Prove that the line-segment passing through the oo of one side and- 
parallel to‘another side of a triangle also bisects the third sidé. 


Theorem 11.1.4 
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The medians of a triangle are concurrent and their point of concurrency is 


the point of trisection of each median. 


Given 
AABC 


To Prove 


The medians of the AABC are concurrent B 
and the point of concurrency is the point of 


trisection of each median. 


Construction 


Draw two medians BE and CF of the AABC which intersect each other at point 


G. Join A to Gand produce it to point H such that AG= GH. Join H to the points B 


and C. 


AH intersects BC at the point D. 
Proof 


Statements 


In AACH, 
GE Il HC 
Of). BELA 3 ee (i) 
Similarly CFINHB sins. (ii) 
BHCG is a parallelogram 
ee ee 
and mGD=5mGH__...... (iii) 
BD =CD | 
AD is a median of AABC 


Medians AD, BE and CF pass through 
the point G 


Now GH=A 


mG 


mA 


Nl] 


G and E are mid-points of sides AH and 
AC respectively 


G is a point of BE 


from (i) and (i1) 


(diagonals BC and GH of a 
parallelogram BHCG intersect each 
other at point D). 


(G is the intersecting point of BE and CF 
and AD pass through it.) 
construction 


from (iii) and (iv) 
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and Gis the point of trisection of AD 


Similarly it can be proved that G is also 





the point of trisection of CF and BE 


EXERCISE 11.4 


1. The distances of the point of concurrency of the medians of a triangle from its 
vertices are respectively 1.2 cm, 1.4 cm and 1.6 cm. Find the lengths of its 
medians. 


2. Prove that the point of concurrency of the medians of a triangle and the triangle 
which is made by joining the mid-points of its sides is the same. 


Theorem 11.1.5 


If three or more parallel lines make congruent segments on a transversal, 
they also intercept congruent segments on any other line that cuts them. 





Given 
AB lI CD II BF 


oe 
The transversal Lx intersects AB, CD and EF at the points M, N and P 
respectively, such that MN = NP - The transversal QY intersects them at points R, S 
and T respectively. 


To Prove 
RS = ST 
Construction 
From R, draw RU II LX, which meets CD at U. From S, draw SV Il LX which 


meets EF at V. As shown in the figure let the angles be labelled as 
41, Z2, Z3 and 24. 
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Statements 


MNUR is a parallelogram RU II LX (construction) 


AB || CD (given) 


MN = RU i) | (opposite sides of a parallelogram) 
Similarly, 


NP = SV 
MN = NP Given 


RU=SV {from (i), (ii) and (iii)} 


RU II SV | each is II Ex (construction) 
Z1=22 Corresponding angles 
Z3= 24 Corresponding angles 
ARUS <— ASVT, 

RU=SV Proved 

Z1=22 Proved 

Z3= 24 Proved 


ARUS = ASVT S.A.A. =S.A.A. 


a eet (corresponding sides of congruent 
Hence RS = ST | triangles) 





Note: This theorem helps us in dividing line segment into parts of equal lengths. It is 
also used in the division of a line segment into proportional parts. 


Corollaries 


(i) A line, through the mid-point of one side, parallel to another side of a 
triangle, bisects the third side. 


Given | 
In AABC, D is the mid-point of AB. 
DE II BC which cuts AC at E. 
To Prove 
AE=EC 
Construction 


ae 
Through A, draw LM || BC.° 





Parallelograms and Triangles 208 


Proof 


Statements | 


Radin) saree tS rm oOo 
Intercepts cut by LM, DE , BC on AC { Intercepts cut by parallels LM, DE, 


are congruent. 


1.€., 


(ii) 


(iii) 


BC on AB are congruent (given) 





AE = EC. 
The parallel line from the mid-point of one non-parallel side of a trapezium to 
the parallel sides bisects the other non-parallel side. 


If one side of a triangle is divided into congruent segments, the line drawn from 
the point of division parallel to the other side will make congruent segments on 
third side. 

EXERCISE 11.5 


In the given figure, 

oe 24 6 © & 

AX II BY Il CZ || DU Il EV 

and AB=BC=CD = DE. 

If mMN = 1 cm, then find the length of 
LN and LQ. 

Take a line segment of length 5.5 cm and 
divide it into five congruent parts. 


[Hint: Draw an acute angle ZBAX. On AX take AP 
=PQ=OR=RS=ST. 


Join T to B. Draw lines parallel to TB from the points 
P, Q, R and S.] 








REVIEW EXERCISE 11 
Fill in the blanks. : 


(i) Ina parallelogram opposite sides are ..:.......... 

(ii) In a parallelogram opposite angles are ............. 

(iii) Diagonals of a parallelogram ............ each other at a point. 

(iv) Medians of a triangle are ............. 

(v) Diagonal of a parallelogram divides the paleo tae into two 
triangles. 

In parallelogram ABCD 


(i) mAB...... a @) eC... mAD 
(iii) MZ1=...... (iv) MZ2=...... 
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Find the unknowns in the given figure. 


If the given figure ABCD is a 
parallelogram, then find x, m. 





The given figure LMNP is a parallelogram. 4m+n 
Find the value of m, n. 


3 
8n—4n M 
In the question 5, sum of the opposite angles of the parallelogram is 110°, find 
the remaining angles. 


| SUMMARY 
In this unit we discussed the following theorems and used them to solve some 


exercises. They are supplemented by unsolved exercises to enhance applicative skills 
_ of the students, 


* 


In a parallelogram 

(i) | Opposite sides are congruent. 
(ii) Opposite angles are congruent. 
(ii) The diagonals bisect each other. 


If two opposite sides of a aR ASH are congruent and parallel, it is a 
parallelogram. 


The line segment, joining the mid-points of two sides of a esi gid is parallel to 
the third side and is equal to one half of its length. 


The medians of a triangle are concurrent and their point of concurrency is the 
point of trisection of each median. 


If three or more parallel lines make congruent segments on a transversal, they 
also intercept congruent segments on any other line that cuts them. 


Unit 12 


LINE BISECTORS AND ANGLE BISECTORS 


Unit Outlines 
12.1.(i) Bisector of a Line Segment 
(ii) Bisector of an Angle 


Students Learning Outcomes 


After studying this unit, the students will be able to: 


* prove that any point on the right bisector of a line segment is equidistant from 
its end points. 


* prove that any point equidistant from the end points of a line segment is on the 
right bisector of it. 


* prove that the right bisectors of the sides of a triangle are concurrent. 
* prove that any point on the bisector of an angle is equidistant from its arms. 


* prove that any point inside an angle, equidistant from its arms, is on the bisector 
of it. | 


prove that the bisectors of the angles of a triangle are concurrent. 











Introduction 


In this unit we will prove theorems and their converses, if any, about right 
bisector of a line segment and bisector of an angle. But before that it will be useful to 
recall the following definitions: 


”~ 


Right Bisector of a Line Segment 
A line is called a right bisector of a line segment if it is ips Sic to the 
line segment and passes through its mid-point. 


Bisector of an Angle ai 


A ray is called a bisector of line segment if it divides the angle into 7 
two equal parts. A ray BP is called the bisector of ZABC if Pisa frei} 2} 


/ \ 


point in the interior of the angle and mZABP = m/PBC. 
Theorem 12.1.1 


Any point on the right bisector of a line segment is 
equidistant from its end points. 


Given 
A line LM intersects the line segment AB at the point 





i —_ ed 
C such that LM 1 AB and AC= BC. Pisa point on LM. 
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To Prove 
PA =PB 
Construction 
Join P to the points A and B. 
Proof — 
, - Statements Reasons 
AACP <--> ABCP 
AC=BC given 
ZACP = Z<BCP given PC | AB, so that each Z at C 
=O" 
PC = PC common 
AACP = ABCP S.A.S. postulate 


(corresponding sides of congruent 


Hence PA = PB triangles) 





Theorem 12.1.2 

{Converse of Theorem 12.1.1} 

Any point equidistant from the end points of a line segment is on the right 
bisector of it. 3 


Given , i 
AB is a line segment. Point P is such that PA = PB. 
To Prove | 
The point P is on the right bisector of AB. 
Construction A C B 


Joint P to C, the mid-point of AB. 
AACP <-— ABCP 
PA given 


common 


construction 
S.S.S. = S.S.S. 
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CRC S ZO i ee. seas (corresponding angles of congruent 
triangles) 









But mZACP + mZBCP = 180° ..... (ii) 
mZACP = mZBCP = 90° 


Supplementary angles 
from (1) and (11) 














RE RS aa ee iii) | mZACP = 90° (proved) 








Ais CA = @B—-—— =<. (iv) | construction 





-. PCisa right bisector of AB 
i.e., the point P is on the right bisector of 


AB. 


from (111) and (iv) 


. . EXERCISE 12.1 
1. ‘Prove that the centre of a circle is on the right bisectors of each of its chords. 


2. Where will be the centre of a circle passing through three non-collinear points? 
And why? 


3. Three villages P, Q and R are not on the same line. The people of these villages 
want to make a Children Park at such a place which is equidistant from these 
three villages. After fixing the place of Children Park, prove that the Park is 
equidistant from the three villages. 


Theorem 12.1.3 
The right bisectors of the sides of a triangle are concurrent. 


Given A 
AABC 


To Prove 


The right bisectors of AB , BC and CA are 


concurrent. 
B - Te 
Construction 


Draw the right bisectors of AB and BC which meet each other at the point O. 
Join O to A, B and C. ; 
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Proof 


Statements 


(Each point on right bisector of a 
segment is equidistant from its end 
points) 


















Cet (ii) | as in (i) 










OAS Ore! a AAZS iii) | from (i) and (ii) 










S, SiGe oars i 
But point O is on the right bisector 


of AB and of BC AV) 


Hence the right bisectors of the three 
sides of a triangle are concurrent at O. 


Observe that 

(a) The right bisectors of the sides of an acute triangle intersect 
each other inside the triangle. 

(b) The right bisectors of the sides of a right triangle intersect 
each other on the hypotenuse. 

(c) The right bisectors of the sides of an obtuse triangle intersect 
each other outside the triangle. 


(O is equidistant from A and C) 






‘\ 









- construction 


{from (iv) and (v)} 











Theorem 12.1.4 
Any point on the bisector of an angle is equidistant from its arms. 


Given 


fh | 
A point P is on OM , the bisector of ZAOB. 
To Prove 


<eaEy a. . . . . — =a 
PQ = PR ie., P is equidistant from OA and OB. 
Construction 





ioc ~ ewe > 
Draw PR 1 OA and PQ | OB 


as 
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Proof 


Statements 


APOQ <— APOR 


OP = OP common 

ZPQO = ZPRO construction 
ZPOQ = ZPOR given 

APOQ = APOR S.A.A. =S.A.A. 


(corresponding sides of congruent 
triangles) 





Hence PQ ~PR 
Theorem 12.1.5 (Converse of Theorem 12.1.4) 
Any point inside an angle, equidistant from its arms, is on the bisector of it. 
Given | 
Any point P lies inside ZAOB such that 
koe > es ote. aa —_—_ - 
PQ = PR, where PQ 1 OB and PR 1 OA. 
To Prove 
Point P is on the bisector of ZAOB. 


Construction 
Join P to O. 


Proof 


Statements 


APOQ <-> APOR 
ZPQO = ZPRO 













given (right angles) 










PO = PO common 






PQ =PR 
APOQ = APOR 
Fiend ZPOQ = ZPOR 






given 
H.S. = HS. 


(corresponding angels of congruent 
triangles) 












P is on the bisector of ZAOB. 
EXERCSISE 12.2 
1. In a quadrilateral ABCD, AB = BC and the right bisectors of AD , CD meet 


each other at point N. Prove that BN is a bisector of ZABC. 


2. The bisectors of ZA, ZB and ZC of a quadrilateral ABCP meet each other at 
point O. Prove that the bisector of ZP will also pass through the point O. 


1.€., 
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3. Prove that the right bisectors of congruent sides of an isoscles triangle and its 
altitude are concurrent. 


4. Prove that the altitudes of a triangle are‘concurrent. 


Theorem 12.1.6 
The bisectors of the angles of a triangle are concurrent. 


Given 
AABC 


To Prove 
The bisectors of ZA, ZB and ZC are concurrent. 


Construction 
Draw the bisectors of ZB and ZC which 


intersect at point I. From I, draw IF LAB, ID 1 BCandIELCA. 


Proof 


| Bae OES, __ Reasons 


— — (Any point.on bisector of an angle is 













Ib=1 ; equidistant from its arms) 
Similarly, 

ID =IE 

IE =IF on Bach = ID, proved.. 


So, the point I is on the bisector of ZA 









Also the point I is on the bisectors of 
Za, BO ee Ps OG ese: (ii) | Construction 


Thus the bisectors of ZA, 7B and 7C 
are concurrent at I. 






{from (i) and (11)} 


Note: In practical geometry also, by constructing angle bisectors of a triangle, we 
shall verify that they are concurrent. 





-EXERCISE 12.3 


1. Prove that the bisectors of the angles of base of an isoscles triangle intersect 
each other on its altitude. 


2. Prove that the bisectors of two exterior and third interior angle of a triangle are 
concurrent. 
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| REVIEW EXERCISE 12 
1. | Which of the following are true and which are false? 
(i) Bisection means to divide intotwoequal parts. = © ...... 


(ii) Right bisection of line segment.means to draw perpendicular which 
passes through the mid-point oflinesegment. awe 


(iii) Any point on the right bisector of a line segment is not equidistant from 
is cneeeees 6 ee 


(iv) Any point equidistant from the end points of a line segment is on the right 
DISCCIORG@: At tele Neg BF on om cag Opes 


(v) The right bisectors of the sides of a triangle are not concurrent. ___....... 
(vi) The bisectors of the angles of atriangle areconcurrent. = = ...... 
(vii) Any point on the bisector of an angle is not equidistant from its arms....... 
(viii) Any point inside an angle, equidistant from its arms, is on the bisector 
of it. 
—-> ~ 

2. If CD is right bisector of line segment AB , then 

(i) MOA =...,..... 


(ii) MAQ=......... 
3. Define the following 
(i) Bisector of a line segment 






(ii) Bisector of an angle 


4. Tf the given triangle ABC is equilateral triangle and AD is 
bisector of angle A, then find the values of unknowns x”, 
y° and z°. | 


5. In the given congruent triangles LMO and LNO, 
find the unknowns x and m. 





6. CDis right bisector of the line segment AB. - 
(i) If mAB = 6 cm, then find the mAL and mLB . 
Gin. Mt: mBD = 4 cm, then find mAD . 
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, SUMMARY 
In this unit we stated and proved the following theorems: 
* Any point on the right bisector of a line segment is equidistant from its end points. 


* Any point equidistant from the end points of a line segment is on the right 
bisector of it. 


* The right bisectors of the sides of a triangle are concurrent. 

* Any point on the bisector of an angle is equidistant from its arms. 

* Any point inside an angle, equidistant from its arms, is on the bisector of it. 
* The bisectors of the angles of a triangle are concurrent. 


e Right bisection of a line segment means to draw a perpendicular at the mid-point 
of line segment. 


e Bisection of an angle means to draw a ray to divide the given angle into two equal 
parts. 


Unit 13 
SIDES AND ANGLES OF A TRIANGLE 


Unit Outlines 
13.1. (i) Sides of a Triangle 
(ii) Angles of a Triangle 


Students Learning Outcomes | 


After studying this unit, the students will be able to: 


prove that if two sides of a triangle are unequal in length, the longer side has an 
angle of greater measure opposite to it. FP 


prove that if two angles of a triangle are unequal in measure, the side opposite 
to the greater angle is longer than the side opposite to the smaller angle. 


prove that the sum of the lengths of any two sides of a triangle is greater than 
the length of the third side. 

prove that from a point, out-side a line, the perpendicular is the shortest 
distance from the point fo the line. 





Introduction 

Recall that if two sides of a triangle are equal, then the angles apposite to them 
are also equal and vice-versa. But in this unit we shall study some interesting 
inequality relations among sides and angles of a triangle. 


Theorem 13.1.1 3 
If two sides of a triangle are unequal in length, the longer side has an angle 
of greater measure opposite to it. A 


Given 
In AABC, mAC > mAB 


To Prove “4 
mZABC > mZACB 


B 
Construction 


On AC take a point D such that AD = AB. Join B to D so that AADB is an 
isoscel€s triangle. Label 71 and 22 as shown in the given figure. 
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Proof 
Statements 


AABD 


mZ1=m2Z2 i) | Angles opposite to congruent sides, 
(construction) 


ABCD, mZACB < m2 


mZ2 >mZACB ii) | (An exterior angle of a triangle is greater 
than a non-adjacent interior angle) 


mZ1 >mZACB iii) | By (i) and (ii) 


mZABC = mZ1 +mZDBC Postulate of addition of angles. 
mZABC > m1 


mZABC > mZ1 >mZACB By (i11) and (iv) 


fens mZABC >mZACB (Transitive property of inequality of real 
numbers) 





Example 1 
Prove that in a scalene triangle, the angle opposite to the largest side is of 
measure greater than 60°. (i.e., two-third of a right-angle) 
A 


Given | 
Th AABC. AC > AB > BC 
To Prove 


mZB > 60°. ) 
Proof B C 


Statements 


AABC 
mZB>mZC mAC > mAB (given) 


mZB>mZA mAC > mBC (given) 
But mZA+m2ZB+mZC = 180° ZA, ZB, ZC are the angles of AABC 


mZB+mZB+m2ZB> 180° mZB>mZC, mZB > mZA (proved) 
Age. mB »60°>: .. 180°/3 = 60° 
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Example 2 

In a quadrilateral ABCD, AB is the longest side and CD is the shortest 
side. Prove that mZBCD > mZBAD. A 
Given 


In quad. ABCD, AB is the longest side and 


| CD is the shortest side. 


~ “To Prove ; 
mZBCD > mZBAD 
Construction 
Joint A to C. C B 
Name the angles 21, 22, Z3 and 24 as shown in the figure. 
Proof 


Statements 


lng Bane. meA> Zk. Foe I | mAB > mBC (given) 














Ia SbiANCDAinx3 SiraHieqye sian I. | mAD > mCD (given) 
mZz4+m23>m/42+m/1 From | and Il 


% mZ4+mZ3=mZBCD 
mZ2+m/1=mZBAD 










Hence mZBCD > mZBAD 





Theorem 13.1.2 

(Converse of Theorem 13.1.1) 

If two angles of a triangle are unequal in measure, the side opposite to the 
greater angle is longer than the side opposite to the smaller angle. 


Given c 
In AABC, mZA>mZB 
To Prove 
~  mBC>mAC - 
Proof A B 


Statements 


If mBC+mAC , then 
either (i)mBC = mAC 
or (ii) mBC <mAC 










(Trichotomy property of real numbers) 
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From (i) if mBC = mAC , then 


mZA=mZB (Angles opposite to congruent sides are 
| congruent) 
which is not possible. Contrary to the given. 
From (11) if mBC < mAC , then 
mZA<mZB (The angle opposite to longer side is 
greater than angle opposite to smaller 
side) 
This is also not possible. Contrary to the given. 
mBC # mAC | 


and mBC ¢mAC | 
Thus mBC > mAC Trichotomy property of real numbers. 


Corollaries 
(i) The hypotenuse of a right MN triangle is longer than each of the other two 
sides. 


(ii) In an obtuse angled triangle, the side opposite to the obtuse angle is longer than 
each of the other two sides. 


Example 


ABC is an isosceles triangle with base BC . On BC a point D is taken away 
from C. A line segment through D cuts AC at L and AB at M. Prove that 
mAL >mAM. 

Given — | 
In AABC, AB = AC 
D is a point on BC away from C. 


A line segment through D cuts AC 
at L and AB at M. 
To Prove 





mAL > mAM 
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Proof 
AABC 
he | AB = AC (given) 
AMBD 
mZ1>mZB (41 is an ext. Z and ZB 1s its internal 
opposite Z) 
mZ1>mZ2 From I and II 
ALCD, 
aA S m5 (22 is an ext. Z and Z3 is its internal 
opposite Z) 
ei mZ1>mZ3 From III and IV 
But 23=2Z4 Vertical angles 
. mZ1>mZ4 From V and VI 
Hence mAL > mAM In AALM, mZ1 > mZ4 (proved) 
Theorem 13.1.3 
The sum of the lengths of any two sides of a triangle is greater than the 
length of the third side. aren 
Given ! D>, 
AABC : acl 
To Prove A SA 
(i) mAB+mAC>mBC \ 
(ii) mAB+mBC>mAC x 
(iii) mBC +mCA>mAB ! 
Construction t Cc 


> 4 SS 
Take a point D on CA such that AD = AB. Join B to D and name the angles. 
21, Z2 as shown in the given figure. 


Proof 








In AABD, 


Zi=eeee CC akaw AD = AB (construction) 
Sa.” le i) | mZDBC=mZ1-+mZABC | 


Wee eee tC ili From (i) and (11) 
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In A DBC, 


mCD > mBC By (iii) 


1.e., mAD + mAC > mBC mCD = mAD + mAC 


Hence mAB + mAC > mBC mAD = mAB (construction) 
Similarly, 


mAB + mBC > mAC 





and mBC + mCA >mAB 
Example 1 


Which of the following sets of lengths can be the lengths of the sides of a 
triangle? 


(a) 2cem,3cm,5cm (b) 3cm,4cm,5cm, (c) 2cm,4cm,7 cm, 


(ay Sees 

*, This set of lengths cannot be those of the sides of a triangle. 
(b) *« 34+4>5,34+5>4,445>3 ° 

‘. This set can form a triangle. 


(c) * 2+4<7 
‘. This set of lengths cannot be the sides of a triangle. 
Example 2 : 
Prove that the sum of the measures of two sides of a triangle is greater than 
twice the measure of the median which bisects the third side. 


Given A 
In  AABC, 
median AD bisects side BC at D. 
To Prove 
mAB + mAC > 2mAD. 
Construction 





>: eK ee 
On AD, take a point E, such that DE = AD. 


Join C to E. Name the angles Z1, 22 as shown : 
in the figure. 
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Proof 


Statements 


AABD «<— AECD 










BD =CD 
Zi=Z2 






Given 
Vertical angles 













AD =ED 
AABD = AECD 







Construction 
S.A.S. Postulate 





Beeb SY eee Corresponding sides of = As 
mAC+mEC>mAE __....... Il 










ACE is a triangle 








mAC'+ mAB > mAE From I and II 






Hence mAC + mAB> 2m AD 


Example 3 


Prove that the difference of measures of two sides of a triangle is less than 
the measure of the third side. 
Given | . 
AABC 


mAE = 2mAD (construction) 


To Prove 
mAC — mAB < mBC 
mBC — mAB < mAC e : 
mBC — mAC <mAB 


-. Proof 


mAB + mBC> mAC ABC is a triangle 
(mAB + mBC — mAB) Subtracting mAB from both sides 
> (mAC - mAB) 


mBC > (mAC — mAB) 


or mAC — mAB < mBC ash = b<a 
Similarly | 

mBC - mAB < mAC ‘ed 
oe a me Reason similar to I 
mBC — mAC < mAB 
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EXERCISE 13.1 


1. Two sides of a triangle measure 10 cm and 15 cm. Which of the following 
measure is possible for the third side? 


(a) 5cm (b) 20cm (c) 25cm (d) 30cm 
2. O/is an interior point of the AABC. Show that 


=n wee! een. uve artes ace 
mOA + mOB + mOC >5 (mAB + mBC + mCA ) 


3. Inthe AABC, mZB = 70° and mZC = 45°. Which of the sides of the triangle is 
longest and which is the shortest? 

4. Prove that in a right-angled triangle, the 
hypotenuse is longer than each of the 
other two sides. 


5. Inthe triangular figure, mAB >mAC. BD 
and CD are the bisectors of 7B and ZC 





respectively. Prove that mBD>mDC. 
Theorem 13.1.4 


From a point, outside a line, the perpendicular is the shortest distance 
from the point to the line. 


Given 
A line AB and a i point C (not hyang on 
AB ) and a point D on AB such that CD 1 AB. 
To Prove 
mCD is me ¢ shortest distance form the 
point C to AB. 
Construction 


oO 
Take a pint E on AB . Join C and E to form a ACDE. 


Proof 
Statements 
(An exterior angle of a triangle is greater 


In ACDE 
mZCDB > mZCED 

than non adjacent interior angle). 

Supplement of right angle. 






























But mZCDB=mZCDE 
’ mZCDE>mZCED 
or mZCED<mZCDE 









a>b=> b<a 
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or mCD<mCE as Side opposite to greater angle is greater. 
But E is any point on AB 


Hence mCD is the shortest distance from 





o 
Cto AB. 
Note: ~ 


(i) The distance between a line and a point not on it, is the length of the 
perpendicular line segment from the point to the line. 


(ii) The distance between a line and a point lying on it 1s zero. 


EXERCISE 13.2 
1. In the figure, P is any point and AB is a line. Which of the following is the 
shortest distance between the point P and the line AB? 
r 





(a) mPL (b) mPM_  (c) mPN- (d) mPO 
2. In the figure, P is any point lying away from the line 


AB. Then mPL will be the shortest distance if 
(a) mZPLA=80° (b) mZPLB= 100° 
(c) mZPLA=90° . A L B 


3. In the figure, PL is perpendicular 
to the line AB and mLN > mLM.. 
Prove that mPN > mPM . 
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i REVIEW EXERCISE 13 

Which of the following are true and which are false? _ 
(i) The angle opposite to the longer side of a triangle is greater. 
(ii) In aright-angled triangle greater angle is of 60°. 
(iti) In an isosceles right-angled triangle, angles other than right angle are 

each of 45°. Ge a 
(iv) A triangle having two congruent sides is called equilateral triangle. ete 
(v) A perpendicular from a point to a line is shortest distance. =... 
(vi) Perpendicular to line form an angle of 90°. } fire 2a : 
(vii) A point out side the line is collinear with it. - 5 ee 
(viii) Sum of two sides of triangle’is greater than the third. see 
(ix) The distance between a line and a point on it is zero. ak 8 
(x) Triangle canbe formed oflengths2cm,3cmand5cm.  —...... 


What will be angle for shortest distance from an outside point to the line? 


If 13 cm, 12 cm, and 5 cm are ‘the lengths of a triangle, then verify that 
difference of measures of any two sides of a triangle is less than the measure of 
the third side. 


~~ If 10 cm, 6 cm and 8 cm are ind lengths of a mE then verify that sum of 


measures of two sides of a triangle is greater than the third side. 
3 cm, 4 cm and 7 cm are not the lengths of the triangle. Give the reason. 


If 3 cm and 4 cm are lengths of two sides of a right angle triangle, then what 
should be the third length of the triangle. 


SUMMARY 


In this unit we stated and proved the following theorems: 


* 


If two sides of a triangle are unequal in length, the longer side has an angle of 
greater measure opposite to it. 

If two angles of a triangle are unequal in measure, the side opposite to the 
greater angle is longer than the side opposite to the smaller angle. 

The sum of the lengths of any two sides of a triangle is greater than the length 
of the third side. 

From a point, outside a line, the Shtpalidtchitaks is the shortest distance from the 
point to the line. 7 


Unit 14 


RATIO AND PROPORTION 


Unit Outlines 
14.1 Ratio and Proportion 


Students Learning Outcomes 
















After studying this unit, the students will be able to: 
* prove that a line parallel to one side of a triangle, intersecting the other two 
sides, divides them proportionally. 
* prove that if a line segment intersects the two sides of a triangle in the same 
ratio, then it is parallel to the third side. . 
* ‘prove that the internal bisector of an angle of a triangle divides the side 
opposite to it in the ratio of the lengths of the sides containing the angle. 
¥ provethat if two triangles are similar, the measures of their corresponding sides 
are proportional. | 


Introduction 


In this unit we will prove some theorems and corollaries involving ratio and 
proportions of sides of triangle and similarity of triangles. A knowledge of ratio and 
proportion is necessary requirement of many occupations like food service 
occupation, medications in health, preparing maps for land survey and construction 
works, profit to cost ratios etc. 


Recall that we defined ratio a: b= as the comparison of two alike quantities a 
and b, called the elements (terms) of a ratio. (Elements must be expressed in the same 
units). Equality of two ratios was defined as proportion. 

That is, if a: b=c: d, then a, b, c and d are said to be in proportion. 

Similar Triangles 1 

Equally important are the similar shapes. In particular the similar triangles that 
have many practical applications. For example, we know that a photographer can 
develop prints of different sizes from the same negative. In spite of the difference in 
sizes, these pictures look like each other. One photograph is simply an enlargement of 


another. They are said to be similar in shape. Geometrical figures can also be similar. 
e.g., If 


In AABC <¢—~ ADEF 
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Ap. -mb rs 
Mice dae SB, iC-s4B)ocendes _mBC _mCA 


mDE mEF mFD 


D 
A 


E F x 
then AABC and ADEF are called similar triangles which is symbolically written as 
AABC ~ ADEF. 


It means that corresponding angles of similar triangles are equal and measures 
of their corresponding sides are proportional. 


APQR = ALMN means that in ~ 
APQR <— ALMN 
ZP= ZL, ZQ=ZM, 
ZR=QN, PQ = LM, 
QR = MN, RP = NL 
mPQ _mQR _ 
mLM mMN aM 


APQR ~ ALMN 


a°) 


Now as —— 


RM 


In other words, two congruent aed are similar also. But two similar ny a are 


not necessarily congruent, as congruence of their corresponding sides is not 
necessary. 


Theorem 14.1.1 


A line parallel to one side of a 
triangle and intersecting the other two 
sides divides them proportionally. 
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Given | 

In AABC, the line / is intersecting the sides AC and AB at points E and D 
respectively such that ED || CB. 
To Prove 

mAD : mDB = mAE : mEC 
Construction 

Join B to E and C to D. From D draw DM | AC and from E draw EL . AB. 
Proof 


Statements | 


In triangles BED and AED, EL is the 
common perpendicular. 







Area of ABED =5 x mBD x mEL Sa a 









and .Area of AAED = xx mAD XmEL...... (ii) 


Areaof ABED  mDB 


Thus 7a of AAED RGSS ees tenes 
mAD 


Similarly 





Area of ACDE _ mEC soe 
Ries GF AAD - te a ee ee (iv)| *. 


mAE 
ABED = ACDE 













| (Areas of triangles with common 
base and same altitudes are equal. 


Given that ED II CB, so altitudes 
are equal. 





From (iii) and (iv), we have 


Taking reciprocal of both sides. 


Observe that 
From the above theorem we also have 


mBD _mCE ,mAD _mAE 
mAB mAC mAB mAC 
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Corollaries 
mAD mAE Pg 2 mAB AC Bish et Wie 
(a) If-——-~=——,, then DE II BC (b) eS , then DE || BC 
mAB mAC mDB mEC 
Points to be noted | 


(i) | Two points determine a line and three non-collinear points determine a plane. 
(ii) A line segment has exactly one midpoint. 
(iii) If two intersecting lines form equal adjacent angles, the lines are perpendicular. 


Theorem 14.1.2 
(Converse of Theorem 14.1.1) 
If a line segment intersects the two sides of a triangle in the same ratio, 


then it is parallel to the third side. A 
Given 
In AABC, ED intersects AB and AC such 
that mAD : mDB = mAE: mEC t E D 
To Prove 
ED II CB 
Construction | . “y ba tek Sia) ‘ 
Sse ee ne Se Ny sine $e 
If EDVCB, then draw BF Il DEto meet F*~ 
AC produced at F. 
Proof — | 
Statements | Reasous:is ox suait | 
In AABF 
DE | BF Construction 
mAD mAE _ | (A line parallel to one side of a triangle 
Sel *, Seca (1) | divides the other two sides . 
mDB mEF proportionally. Theorem 14.1.1) 
_ mAD mAE 
But. —— = fora: d= Te (ii) | Given 
mDB mEC 
STS SRT I From (i) and (ii) 
mEF mEC 
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or mEF=mEC, 
which is possible only if point F is 


coincident with C. (Property of real numbers.) 


Our supposition is wrong. 
Hence ED II CB 
EXERCISE 14.1 

1. In AABC, DEI BC. 

Gi) If mAD = 1.5 cm, mBD =3 cm, m AE = 1.3 cm, 

then find mCE. 

(ii) If mAD = 2.4 cm, mAE = ">.2 CM, mEC = 4.8 cm, 

‘find mAB., 





ae | B 

(iii) If oe = Z and mAC = 4.8 cm, find mAE. 
mDB 

(iv) If mAD = 2.4 cm, mAE = 3.2 Cm, mDE =2 cm, mBC = 5 cm, find mAB, 


mDB, mAC, mCE. 
(v) If AD = 4x — 3, AE= 8x — “ae oD = 3x — I, and CE = 5x — 3, sual the value 


‘of x. 
ae A 
2. If AABC is an isosceles triangle, ZA is vertex angle and 
DE intersects the sides AB and AC as shown in the 
figure so that D E 
mAD : mDB = mAE: mEC. 
Prove that AADE is also an isosceles triangle. B C 
A 
3. In an equilateral triangle ABC shown in the figure, 
——sa a. oe D E 
mAE : mAC = mAD: mAB 
Find all the three angles of AADE and name it also. 
B G 


4. Prove that the line segment drawn through the mid-point of one side of a 
triangle and parallel to another side bisects the third side. 


5. Prove that the line segment joining the mid-points of any two sides of a —— 
is parallel to the third side. 
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Theorem 14.1.3 


The internal bisector of an angle of a triangle divides the side opposite to it 
in the ratio of the lengths of the sides containing the angle. 


joer 
5 A oe 
et ! 
¢ ! 


Asai / 


NS 


g 


B 
Given 7 


In AABC internal angle bisector of Z A meets CB at the point D. - 
_To Prove 

mBD : mDC = mAB : mAC 
Construction 


Draw a line segment BE Il DA to meet CA produced at E. 
Proof 


Statements 


AD II EB and EC intersects them, | Construction 


mz b= h420065, & crn au (i) | Corresponding angles 
Again AD Il EB 
and AB intersects them, 
mé3emZ4. ARE — sess: (ii) | Alternate angles 
But mZl=m2Z3 Given 
mZ2=mZ4 From (i) and (ii) 
sad Alicea or Abie AR In a A, the sides opposite to congruent 
| angles are also congruent. 
Now AD |i EB Construction 
mBD mEA 


=r itd by Theorem 14.1.1 
mDC mAC 
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mBD _ mAB 
mDC mAC 


Or 





mEA = mAB (proved) 


Thus mBD : mDC = mAB: mAC 


Theorem 14.1.4 

If two triangles are similar, then the measures of their corresponding sides 
are proportional. A D 

L M E F 

Given B “A 

AABC ~ ADEF 

1e., ZA=ZD, ZB=ZE and ZC=ZF 
To Prove 


mAB _mAC _mBC 
mDE mDF mEF 
Construction 
(1) Suppose that mAB > mDE 
(II) mAB < mDE 
On AB take a point L such that mAL = mDE. 


On AC take a point M such that mAM= mDF. Join L and M by the line 
segment LM. 3 
Proof | 
(I) InAALM «<-> ADEF | 
ZA=ZD | 













Given 










| AL=DE Construction 






AM = DF 
Thus AALM = ADEF 






Construction 
| S.A.S. Postulate 


and ZL=ZE, ZM= ZF 


Now ZE= 4B and /F= ZC 
ZL=ZB,ZM=ZC 


Thus LM || BC 


B 
I 





Hence 1 eee 


mAB mAC 
mDE mDF 
mAB mAC 


or 


Similarly by intercepting segments on 


BA and BC , we can prove that 
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(Corresponding angles of congruent 

| triangles) 
Given 
Transitivity of congruence 


Corresponding angles are equal. 


by Theorem 14.1.1 


mAL = mDE and mAM = mDF 
(construction) 


by (i) and (ii) 


by taking reciprocals 


(I) If mAB< mDE, it can similarly 
be proved by taking intercepts on the 


sides of ADEF. 

If mAB = mDE, | 
then in AABC <-> ADEF 
ZA=ZD 
ZB= ZE™ 

and AB=DE 
so AABC=ADEF 


dll 
a= —_— OO 


Hence the result is true for all the cases. 


Given 
Given 


A.S.A.=A.S.A 


AC = DF, BC=EF 
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EXERCISE 14.2 


eae 
1. In AABC as shown in the figure, CD bisects ZC 6 


and meets AB at D. mBD is equal to 
(a) 5 (b) 16 (c) 10 (Cd) 18 


2. In AABC shown in the figure, CD 
bisects ZC. If mAC = 3, mCB =6 
and mAB = 7, then find mAD and 
mDB . 





3. Show that in any correspondence of two triangles, if two angles of one triangle 
are congruent to the corresponding angles of the other, then the triangles are 


similar. 
mAX . mCX 


mxXB mxXD 


4. If line segments AB and CD are intersecting at point X and 





| then show that AAXC and ABXD are similar. 


; REVIEW EXERCISE 14 
1. Which of the following are true and which are false? 

(i) Congruent triangles are of same size and shape. 
(ii) Similar triangles are of same shape but different sizes. 
(ii1) Symbol used for congruent is ‘=’. 
(iv) Symbol used for similarity is ‘~’. 
(v) Congruent triangles are similar. 
(vi). Similar triangles are congruent. 
(vii) A line segment has only one mid-point. 
(viii) One and only one line can be drawn through two points. 
(ix) Proportion is non-equality of two ratios. 
(x) Ratio has no unit. 

2. Define the following: 
(i) . Ratio | (i1) Proportion 
(111) Congruent Triangles (iv) Similar Triangles 


eer eee 


een eee 
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>: In ALMN shown in the figure, MN II PQ 
(i) IfmLM=5cm, mLP=2.5 cm, mLQ =2.3 cm, 
then find mLN . 
(ii) IfmLM =6cm, mLQ =2.5 cm, mQN = 5 cm, 
then find mLP . 





4. In the shown figure, let mPA = 8x — 7, mPB = 4x — 3, 


) ED = B 
mAQ = 5x — 3, mBR = 3x — 1. Find the value of x if 
ABIIOR. Q ‘ 
L 
| | > 
5. In ALMN shown in the figure, LA bisects 6 4 
ZL. If mLN = 4 mLM= 6, mMN= 8, then yy Kk N 
find mMA and mAN . p 
10 cm x 
6. In Isosceles APQR shown in the figure, find the value 
of x and y. | R 
Q-6écmy 


SUMMARY 

In this unit we stated and proved the following theorems and gave some necessary 

emery 
A line parallel to one side of a triangle and intersecting the other two sides 
divides them proportionally. 

- If a line segment intersects the two sides of a triangle in the same ratio, then it is 
parallel to the third side. 

ss The internal bisector of an angle of a triangle divides the side opposite to it in 
the ratio of the lengths of the sides containing the angle. 

sj If two triangles are similar, then the measures of their corresponding sides are 
proportional. 


e The ratio between two alike quantities is defined as a: b= 3 ; where a and b are 


the elements of the ratio. 

® Proportion 1 is defined as the equality of two ratios 1.e.,a: b=c:d 

e Two triangles are said to be similar if they are equiangular and corresponding 
sides are proportional. 


Unit 15 
PYTHAGORAS’ THEOREM 


Unit Outlines 
15.1. Pythagoras’ Theorem 


Students Learning Outcomes 


After studying this unit, the students will be able to: 


* prove that in a right-angled triangle, the square of the length of hypotenuse is 
equal to the sum of the squares of the lengths of the other two sides. 


(Pythagoras’ theorem). 

* prove that if the square of one side of a triangle is equal to the sum of the 
squares of the other two sides, then the triangle is a right angled triangle 
(converse to Pythagoras’ theorem). : 





Introduction 


Pythagoras, a Greek philosopher and mathematician, discovered the simple but 
important relationship between the sides of a right-angled triangle. He formulated this 
relationship in the form of a theorem called Pythagoras’ Theorem after his name. 
There are various methods of proving this theorem. We shall prove it by using similar 
triangles. We shall state and prove its converse also and then apply it to solve - 
different problems. ; 


Pythagoras Theorem 15.1.1 


In a right angled triangle, the square of the length of hypotenuse is equal to 
the sum of the squares of the lengths of the other two sides. 





Given 
AACB is aright angled triangle in which mZC = 90° and mBC =a, mAC = b 
and mAB =c. 


\ 
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To Prove 
C=za' +b’ 
Construction 


Draw CD perpendicular from C on AB. 


Let mCD = h, mAD = x and mBD = y. Line segment CD splits AABC into two 
As ADC and BDC which are separately shown in the figures (i1)—-a and (ii)—b 
respectively. 
Proof (Using similar As) 
AADC <-> AACB Refer to figure (ii)—a and (i) 
ZA=ZA common -— self congruent 
ZADC = ZACB Construction — given, each angle = 90° 
ZC and ZB, complements of ZA. 
Congruency of three angles 


(Measures of corresponding sides of 
similar triangles are proportional) 


or 


Again in ABDC <+— ABCA Refer to figure (ii)-b and (i) 
ZB= ZB Common-self congruent 


ZBDC = ZBCA Construction — given, each angle = 90° 
ZC=ZA ZC and ZA, complements of ZB 
ABDC ~ ABCA Congruency of three angles. 


(Corresponding sides of similar triangles 
are proportional). 


Supposition. 
By (1) and (II) 


Multiplying both sides by c. 
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Corollary . 
In a right angled AABC, right angle at A, 
aa ane, 23 
(i) mAB =mBC -—-mCA 
okt PPPs 2 
(ii) mAC = mBC — mAB Al B 


Remark 


Pythagoras’ Theorem has many proofs. The one we have given is based on the 
proportionality of the sides of two similar triangles. For convenience As ADC and 
CDB have been shown separately. Otherwise, the theorem is usually proved using 
figure (i) only. 


Theorem 15.1.2 [Converse of Pythagoras’ Theorem 15.1.1] 
If the square of one side of a triangle is equal to the sum of the squares of 
the other two sides, then the triangle is a right angled triangle. 


B 
4 
4 
7 
? Cc 
Ay 
7 
4 
4 
D*- om A 
Given b C b 
In a AABC, mAB =c, mBC = a and mAC = b such that a’ + b’ =’. 
To Prove 
AACB is a right angled triangle. 
Construction 
Draw CD perpendicular to BC such that CD =CA . Join the points B and D. 
Proof 


Statements 


ADCB is a right-angled triangle. Construction 



















(mBD )>=a° +b 


But @+b=c 


Pythagoras theorem 





Given 





(mBD ‘s =¢ 
or mBD =c Taking square root of both sides. 
Now in 


ADCB <-— AACB 
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CD=CA Construction 
BC=BC Common 
DB = AB Each side = c. 
ADCB = AACB S.S.S.=S.8.S. 
ZDCB = ZACB (Corresponding angles of congruent 
triangles) 

But mZDCB = 90° Construction 

*. / mZACB = 90° | 

Hence the AACB is a right-angled 

| triangle. . 


Corollary: Let c be the longest of the sides a, b and c of a triangle. 
* Ifa’ +b’ =c’, then the triangle is right. 

Ki Ifa’ +b >c’, then the triangle is acute. 

" Ifa +b <c’ , then the triangle is obtuse. 


EXERCISE 15 
1. Verify that the As having the following measures of sides are right—angled. 
Gj) a=5cm, P= TZ cm, e=I9 cm 
mm) 2a=1.5.cm, p= 2.Cin, Goes 2. CM 
(iii)a=9cem,  b=12cm, =15¢em 


(iv) a= 16cm, b = 30 cm, c=34cm 


2. — Verify that-a> + b°, a’ — b° and 2ab are the measures of the sides of a right 
angled triangle where a and b are any two real numbers (a > b). 


3. The three sides of a triangle are of measure 8, x and 17 respectively. For what 
value of x will it become base of a right angled triangle? 


4. Inan isosceles A, the base mBC =28 cm,and mAB =mAC =50cm. 

If AD 1 BC, then find 

(i) length of AD (ii) area of AABC | 
5. In a quadrilateral ABCD, the diagonals AC ‘iia BD are perpendicular to each 
other. Prove that mAB + mCD. = mAD + mBC . 
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6. (i) In the AABC as shown in the figure, mZACB 
= 90° and CD AB. Find the lengths a, h and 
b if mBD = 5 units and mAD =7 units. 


15 
(ii) Find the value of, x in the shown figure. ‘un 
x D 5cm 
Ay oe Plane 
7. A plane is at a height of 300 m and is 
500 m away from the airport as shown in , 
| the figure. How much distance will it pis 
| travel to land at the airport? 
: ieport 500 m 


8. A ladder 17 m long rests against a vertical wall. The foot of the ladder is 8 m 
away from the base of the wall. How high up the wall will the ladder reach? 


School 
D 
9. A student travels to his school by the route on 
Le Bus Stop 
as shown in the figure. Find mAD, the direct B 6 km 

distance from his house to school. c 

| 2 km 

. House 
REVIEW EXERCISE 15 


1. Which of the following are true and which are false? 
(i) Inaright angled triangle greater angleisof90°, = has 
(ii) Inaright angled triangle right angle isof 60°. hanes 
(iii) In a right triangle hypotenuse is a side opposite torightangle. ——........ 
(iv) If a, b, c are sides of right angled triangle with c as longer side, then 


2 2 2 
Co =28 TE Le ae ee ny UD gh teehee htc vn ge A, 


243 Mathematics 9 


(v) If 3 cm and 4 cm are two sides of a right angled triangle, then hypotenuse is 


ok © |: a iia tinh elem MRE i ee ih ee 
(vi) If hypotenuse of an isosceles right triangle is 4/2 cm, then each of other side ° 
is Of Tenotn 2 Ci eS 5 Re a 
2. Find the unknown value in each of the following figures. 
(1) (ii) (ili) (iv) 
: 10cm x 13 cm 
cm 
Phe: : Ne om 
3cm ¥ 5 cm lcm 


SUMMARY 

_ In this unit we learned to state and prove Pythagoras’ Theorem and its converse with 

corollaries. 

* Ina right angled triangle, the square of the length of hypotenuse is equal to the 
sum of the squares of the lengths of the other two sides. 

. If the square of one side of a triangle is equal to the sum of the squares of oe 

_other two sides then the triangle is a right angled triangle. 

Moreover, these theorems were applied to solve some questions of practical 
use. 


Unit 16 
THEOREMS RELATED WITH AREA 


Unit Outlines 
16.1 Theorems related with area 


Students Learning Outcomes 


After studying this unit, the students will be able to: 
* prove that parallelograms on the same base and lying between the same parallel 
lines (or of the same altitude) are equal in area. 

* prove that parallelograms on equal bases and having the same altitude are equal 
in area. 
prove that triangles on the same base and of the same altitude are equal in area. 
prove that triangles on equal bases and of the same altitude are equal in area. 
Introduction 

In this unit we will state and prove some important theorems related with area 
of parallelograms and triangles along with corollaries. We shall apply them to solve 
appropriate problems and to prove some useful results. | 













Some Preliminaries 
Area of a Figure 


The region enclosed by the bounding lines of a closed figure is called the area 
of the figure. 


The area of a closed region is expressed in square units (say, sq. m or m7) i.e., a 
positive real number. 


Triangular Region 

The interior of a triangle is the part of the 
plane enclosed by the triangle. 

A triangular region is the union of a triangle 
and its interior i.e., the three line segments forming | 
the triangle and its interior. | 

By area of a triangle, we mean the area of its 
triangular region. 





Congruent Area Axiom 
If AABC = APQR, _ then area of (region AABC) = area of (region APQR) 
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Rectangular Region 


The interior of a rectangle is the part of the 
plane enclosed by the rectangle. 


A rectangular region is the union of a 
rectangle and its interior. 





Z 
A rectangular region can be divided intotwo A 
or more than two triangular regions in many ways. 


| Recall that if the length and width of a rectangle are a units and Bb units 
respectively, then the area of the rectangle is equal to a x b square units. 


If a is the side of a square, its area = a” square units. 


Between the same Parallels 

Two parallelograms are said to be between the A D E H 
same parallels, when their bases are in the same 
straight line and their sides opposite to these bases are po cst ot 
also in a straight line; as the parallelograms ABCD, 
EFGH in the given figure. Bo he ae 


Two triangles are said to be between the same 
parallels, when their bases are in the same straight line 
and the line joining their vertices is parallel to their | 
bases; as the As ABC, DEF in the given figure. | 


A triangle and a parallelogram are said to be. 
between the same parallels, when their bases are in A D G 


the same straight line, and the side of the 
parallelogram opposite the base, produced if 
necessary, passes through the vertex of the triangle | 
as are the AABC and the parallelogram DEFG in B CE F 
the given figure. 
Definition : 
If one side of a parallelogram is taken as its base, the perpendicular distance 


between that side and the side pos to it, is called the Altitude or Height of the 
parallelogram. 


Definition 


If one side of a triangle is taken as its base, the perpendicular to that side, from 
the opposite vertex is called the Altitude or Height of the triangle. 
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Useful Result 


Triangles or parallelograms placed between the same or 
equal parallels will have the same or equal altitudes or heights. 


Place the triangles ABC, DEF so that their bases BC , EF Bo-L:: € beEo'eM:F 
are in the same straight line and the vertices on the same | 


side of it, and suppose AL , DM are the equal altitudes. We have to show that AD is 
_ parallel to BCEF. | 


Proof 
AL and DM are parallel, for they are both perpendicular to BE. Also 
mAL =mDM. (given) 
AD is parallel to LM. 
A similar proof may be given in the case of parallelograms. 


Useful Result 


A diagonal of a parallelogram divides it into two congruent triangles (S.S.S.) 
and hence. of equal area. 


Theorem 16.1.1 


Parallelograms on the same base and between the same parallel lines (or of 
the same altitude) are equal in area. : 


Given 
Two parallelograms ABCD and ABEF having ‘the same base AB and between 
the same parallel lines AB and DE. 





B 


To Prove 
area of parallelogram ABCD = area of parallelogram ABEF 
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Proof | 
area of (parallelogram ABCD) 
= area of (quad. ABED) + area of (ACBE)... (1) | [Area addition axiom] 
area of (parallelogram ABEF) ) 
= area of (quad. ABED) + area of (ADAE).. . (2) | [Area addition axiom] 
In As CBE and DAF 








[opposite sides of a 
parallelogram] 


[opposite sides of a 
parallelogram] 


[.« BCIIAD, BEI! AF] 
[S.A.S. cong. axiom] 







mCB =mDA 









mBE =mAF 
mZCBE =m ZDAF 

ACBE =ADAFP) — 

area of (ACBE) = area of (ADAF)...... (3) 
ve area of (parallelogram ABCD) 
= area of (parallelogram ABEF) 







[cong. area axiom] 






from (1), (2) and (3) 





Corollary 

(i) The area of a parallelogram is equal to that of a rectangle on the same base and 
having the same altitude. 

(ii) Hence area of parallelogram = base x altitude 

Proof 


Let ABCD be a parallelogram. AL is an altitude corresponding to side AB. 


(i) _ Since parallelogram ABCD and rectangle ALMB are on the same base AB and 
between the same parallels, 


*. by above theorem it follows that L D M_C 
area of (parallelogram ABCD) = area of (rect. ALMB) 

(ii) But area of (rect. ALMB) = AB X AL 
Hence area of (parallelogram ABCD) = AB x AL. 


A B 
Theorem 16.1.2 
Parallelograms on equal bases and having the same (or equal) altitude are 
equal in area. A D E H 
Given 


Parallelograms ABCD, EFGH are on 
equal bases BC, FG, having equal altitudes. 
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To Prove 
area of (parallelogram ABCD) = area of (parallelogram EFGH) 


Construction 
Place the parallelograms ABCD and EFGH so that their equal bases BC, FG are 

in the straight line BCFG. Join BE and CH. 

Proof 

| _ Reasons 


The given |I"" ABCD and EFGH are between 
the-same parallels 










Their altitudes are equal (given) 
Hence ADEH is a straight line || BC 


mBC =iaiiG Given 


— mEH EFGH is a parallelogram 
Now mBC = mEH and they are II 


BE and CH are both equal and Il 2 
Hence EBCH is a parallelogram A quadrilateral with two opposite 
sides congruent and parallelisa -| — 
parallelogram 
Being on the same base BC and 


NowArea of II?" ABCD = Area of II?" EBCH (i) 
between the same parallels 


But Area of I" EBCH = Area of II" EFGH (ii) | Being on the same base EH and 
between the same parallels 


Hence area (I?"" ABCD) = area (II?" EFGH) __| From (ji) and (ii) 


EXERCISE 16.1 


1. Show that the line segment joining the mid-points of opposite sides of a 
parallelogram, divides it into two equal parallelograms. 


2. Ina parallelogram ABCD, mAB = 10 cm. The altitudes corresponding to sides 


AB and AD are respectively 7 cm and 8 cm. Find AD. 


3. If two parallelograms of equal areas have the same or equal bases, their 
altitudes are equal. 
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Theorem 16.1.3 | | 
Triangles on the same base and of the same (i.e., equal) altitudes are equal 
in area. a A.D N 
- Given 
As ABC, DBC on the same base BC, and 
having equal altitudes. 


To Prove B C 
area of (AABC) = area of (ADBC) 


- Construction 
| Draw BM ll to CA, CN II to BD meeting AD produced in M, N. 


Proof 













Statements 
C are between the same II‘ 













_ Their altitudes are equal 


A ABC and A DB 
| 






Hence MADN is parallel to BC 
Area (II?" BCAM) = Area (1I=™ BCND) 








These II>"" are on the same base 





BC and between the same || 


Each diagonal of a Il" bisects it 
into two congruent triangles 






But Area of AABC = ; (Area of II?" BCAM) (ii) 






and Area of ADBC = > (Area of II BCND) (iii) 
‘Hence Area (A ABC) = Area(ADB€) ~~ | From (i), (ii) and (iii) 


Theorem 16.1.4 
Triangles on equal bases and of equal altitudes are equal in area. 






Xx A D ; Y 





! 
A 
i) 
! 
! 
! 
F 


Given 


As ABC, DEF on equal bases BC, EF and having altitudes equal. 
To prove 
Area (A ABC) = Area (A DEF) 
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Construction 


Place the As ABC and DEF so that their equal bases BC and EF are in the same 
straight line BCEF and their vertices on the same side of it. Draw BX Il CA and 
FY ll ED meeting AD produced in X, Y respectively. 


Proof i | 
A ABC, A DEF are between the same parallels | Their altitudes are equal (given) 
XADY is Il to BCEF 


area (II? BCAX) = area (IIP?" EFYD) These II" are on equal bases and 
oad (i)} between the same parallels 


















l ES : ‘ 
But Area of (AABC)= 5 ( Area of I" BCAX) (ii)| Diagonal of a II" bisects it 


] me ie 
and Area of (ADEF ) = > ( Area of 1°" EFYD)(iii) 






area (AABC) = area (ADEF) 


Corollaries 


From (i), (ii) and (iii) 


1. Triangles on equal bases and between the same parallels are equal in area. 


2. Triangles having a common vertex and equal bases in the same straight line, are 
equal in area. 


EXERCISE 16.2 y 
1. Show that a median of a triangle divides it into two triangles of equal area. 


2. Prove that a parallelogram is divided by its diagonals into four triangles of 
equal area. 


3. Divide a triangle into six equal triangular 
parts. 





REVIEW EXERCISE 16 
1. | Which of the following are true and which are false? 
(i) Area of a figure means region enclosed by bounding lines of closed figure.. 
(11) Similar figures have same area. 
(111) Congruent figures have same area. 
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(iv) A diagonal of a parallelogram divides it into two non-congruent triangles. 

(v) Altitude of a triangle means pRErD eae from vertex to the opposite side 
(base). 

(vi) Area of a Sureliclegcens) is equal to the product of base and height. 

Find the area of the following. 

(1) (ii) 


3 cm 
6cm 4cm 
(iii) (iv) 
8 cm 
w 
- % 16cm 
Define the following 3 
(i) Area of a figure (ii) Triangular Region 
(iii) Rectangular Region (iv) Altitude or Height of a triangle 
' SUMMARY 


In this unit we mentioned some necessary preliminaries, stated and proved the 


following theorems alongwith corollaries, if any. 


Area of a figure means region enclosed by the boundary lines of a closed figure. 
A triangular region means the union of triangle and its interior. 

By area of a triangle means the area of its triangular region. 

Altitude or height of a triangle means perpendicular distance to base from its 
Opposite vertex. 

Parallelograms on the same base and between the same parallel lines (or of the 
same altitude) are equal in area. 

Parallelograms on equal bases and having the same (or equal) altitude are equal 
in area. 


Triangles on the same base and of the same (i.e.. equal) altitudes are equal in 
area. 


Triangles on equal bases and of equal altitudes are equal in area. 


Unit 17 


PRACTICAL GEOMETRY 
— TRIANGLES 


Unit Outlines 
17.1 Construction of Triangles 
17.2 Figures with Equal Areas 


Students Learning Outcomes 


After studying this unit, the students will be able to: 


* Construct a triangle having given: two sides and the itll angle, one side 
and two of the angles, two of its sides and the angle opposite to one of them 
(with all the three possibilities). 

Draw: angle bisectors, altitudes, perpendicular bisectors, medians, of a given 


triangle and verify their concurrency. 

Construct a triangle equal in area to a given quadrilateral. Construct a rectangle 
equal in area to a given triangle. Construct a square equal in area to a given 
rectangle. Construct a triangle of equivalent area on a base of given length. 





Introduction 

In this unit we shall learn to construct different triangles, rectangles, squares 
etc. The knowledge of these basic constructions is very useful in every day life, 
especially in the occupations of wood-working, graphic art and metal trade etc. 
Intermixing of geometrical figures is used to create artistic look. The geometrical 
constructions are usually made with the help of a pair of compasses, set squares, 
divider and a straight edge. 


Observe that 


If the given line segments are too big or too small , a suitable scale may be 
taken for constructing the figure. 
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17.1 Construction of Triangles 
(a) To construct a triangle, having given two sides and the included angle. 


a y a 
hor 


A 4.6 cm B 
Given 
Two sides, say 


mAB=4.6cm and mAC=4cm andthe included angle, mZA = 60°. 
Required 

To construct the AABC using given information of sides and the included angle 
= 260° | 
Construction 
(i) Draw a line segment mAB =4.6 cm 
(ii) At point Aconstruct mZBAC = 60°. 
(iii) Cut off mAC = 4 cm from the terminal side of 260°. 
(iv) Join BC 


(v) Hence, ABC is the required A. 
(b) To construct a triangle, having given one side and two of the angles. 





A 5 cm aes 
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Given 

The side mAB = 5 cm, say and two of the angles, say 

mZA=60° and mZB=60° 

Required 

To construct a AABC using given ts 
Construction 
(i) Draw the line segment mAB =5 cm 
(ii) At point A constructmZBAC = 60°. 


(iii) At point B construct mZBAC = 60°. 
(iv) The terminal sides of these two angles meet at C. 


(v) Hence, ABC is the required A. 


Observe that 
When two angles of a ine are given, the third angle can be found from the. 


fact that the sum of three angles of triangle is 180°. Thus two ins ‘being known, all 


the three are known. 


(c) Ambiguous Case 
To construct a triangle having given two of its sides and the angle opposite 


to one of them. B 





Figure (a) | Figure (b) © 


Given 
Two sides a,c andm ZA =o opposite to one of them, say a. 


Reguired 
| To construct a triangle having the given parts. 


Construction 
(i) | Draw a line segment AD of any length 


(ii) At point A draw mZDAB = mZA=a 
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(iii) Cut mAB=c. 
(iii) With centre B and radius equal to a,draw an arc. 


Three cases arise. 
Case I oe 
When the arc with radius a cuts AD in two distinct points C and C’ as in 
Fig ure (a). 
Joint BC and BC’. 
Hence, both the triangles ABC and ABC’ are the required triangles. 
Case II 
When the arc with radius a only touches AD at C, as in Figure (b). 
Join BC. 
Hence, AABC is the required right angled 
triangle at C. 
Case III 
When the arc with radius a neither cuts nor 
touches AD as in Figure (c). 
There will be no triangle in this case. 





Note: Recall that in a AABC the length of the side _____© 

opposite to ZA is denoted by a, opposite to ZB is . g 

denoted by b and opposite to ZC is denoted by c. Figure (c). 

EXERCISE 17.1 

Fi; Construct a AABC, in which 
(i) mAB = 3.2 cm, mBC = 4.2 cm, mCA = 5.2 cm 
(i1) mAB = 4.2 cm, mBC = 3.9 cm, mCA = 3.6 cm 
(iii) mAB=4.8cm, = mBC=3.7cm, m2ZB = 60° 
(iv) mAB = 3 cm, mAC = 3.2 cm, mZA = 45° 
(v) mBC = 4.2 cm, mCA = 3.5 cm, mZC 75° 
(vi) mAB = 2.5 cm, mZA = 30°, mZB = 105° 
(vii)mAB = 3.6 cm, mZA = 75°, mZB=45° ~ 


piss Construct a AX YZ, in which 
(i) mYZ=7.6cm, mXY=6.lcm and m/X=90° 
(ii) mZX =6.4cm, mYZ=2.4cm and m/4Y=90° 
(iii) mMXY=5.5cm, mZX=4.5cm and m/ZZ=90°. 
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3. Construct a right-angled A measure of whose hypotenuse is 5 cm and one side 
is 3.2 cm. (Hint: Angle in a semi-circle is a right angle). 
4. Construct a right-angled isosceles triangle whose hypotenuse is 
(i) 5.2 cm long 
[Hint: A point on the right bisector of a line segment is equidistant from its 
end points. | 
Gi) 48cm°. (iti) 62cm (iv) 5.4cm 
mY (Ambiguous Case) Construct a AABC in which 


(i) mAC = 4.2 cm, mAB = 5.2 cm, mZB=45° (two As) 
(i1) mBC = 2.5 cm, mAB = 5.0 cm, mZA=30° (one A) 


(iii) mBC = 5 cm, mAC=3.5cm,  m2ZB=60° 
Definitions 
Three or more than three lines are’said to be concurrent, if they all pass through 
the same point. The common point is called the point of concurrency of the lines. The 
point of concurrency has its own importance in geometry. They are given special 
names. 
(i) The internal bisectors of the angles of a triangle meet at a point called the 
incentre of the triangle. 
(ii) The point of concurrency of the three perpendicular bisectors of the sides of a A 
is called the circumcentre of, the A. 
(iii) The point of concurrency of the three altitudes of a A is called its orthocentre. 
(iv) The point where the three medians of a A meet is called the centroid of the 
triangle. 
17.1.1 Drawing angle bisectors, altitudes etc. 
(a) Draw angle bisectors of a given triangle and verify their concurrency. 
Example me 
(i) Construct a AABC having given 


mAB = 4.6 cm, mBC = 5 cm and 


mCA = 5.1 cm. 
(ii) Draw its angle bisectors and seta that they Veo 

are concurrent. 
Given 


The side mAB = 4.6 cm, mBC = 5 cm and 
mCA = 5.1 cm of a AABC. 
Required | B 5 cm C 
Gi) Toconstruct AABC. 
(ii) To draw its angle bisectors and verify their concurrency. 
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Construction _ 

(i) Take mBC=5cm. are 

_ (ii) With B as centre and radius mBA = 4.6 cm draw an arc. 

(iii) With C as centre and radius mCA = 5.1 cm draw another arc which intersects 
the first arc at A. 

(iv) Join BA and CA to complete the AABC. 

(v) Draw bisectors of 7B and ZC meeting each other in the point I. 

(vi) Now draw bisector of the third ZA. 

(vii) We observe that the third angle bisector also passes through the point I. 

(viii) Hence the angle bisectors of the AABC are concurrent at I, which lies within 
the A. : 

Note: Recall that the point of concurrency of bisectors of the angles of triangle is 

called its incentre. 

(b) Draw altitudes of a given triangle and verify their concurrency. 

Example 

(i) Construct a triangle ABC in which 
mBC = 5.9 cm, mZB = 56° and 
mZC = 44°, 

(ii) Draw the altitudes of the triangle and 
verify that ey. are concurrent. 

Given 


The side mBC = 5.9 cm and 





m2ZB = 56°, mZC = 44°. ie . 
; B oes C 
Required | 9 cm 
(i) Toconstruct the AABC. * 


(ii) To draw its altitudes and verify their concurrency. 
Construction 
Gi) Take mBC = 5.9 cm. 


(ii) Using protractor draw mZCBA = 56° and mZBCA = 44° to complete the 
AABC. : 


(iii) From the vertex A drop AP | BC. 


(iv) From the vertex B drop BQ 1 CA. These two altitudes meet in the point O 
inside the AABC. 


(v) Now from the third vertex C, drop CR L AB. 
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(vi) We observe that this third altitude also passes through the point of intersection 
O of the first two altitudes. 

(vii) Hence the three altitudes of AABC are concurrent at O. 

Note: Recall that the point of concurrency of the three altitudes of a triangle is called 

its orthocentre. t 

(c) Draw perpendicular bisectors of the sides of a given triangle and verify their 

concurrency. | 


Example 
(i) Construct a AABC having given mAB = 4 cm, mBC = 4.8 cm and 

mAC = 3.6 cm. 
(ii) | Draw perpendicular bisectors of its sides and verify that they are concurrent. 
Given : 

Three sides mAB = 4 cm, mBC = 4.8 cm and mAC = 3.6 cm of a AABC. 
Required 


(i) | Toconstruct the AABC. 


(ii) To draw perpendicular bisectors of its sides and to verify that they are 
concurrent. 









B 748 cL! rat yy 
bs hy « 


Vd ~% 
l 


“ 


s 


Construction v 
(i) Take mBC = 4.8 cm. | 
(ii) With B as centre and radius mBA = 4 cm draw an arc. 


(iii) - With C as centre and radius mCA = 3.6 cm draw another arc that intersects the 
first arc at A. 


(iv) Join BA and CA to complete the AABC. 
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(v) Draw perpendicular bisectors of BC and CA meeting each other-at the point O. 


(vi) Now draw the perpendicular bisector of third side AB. 


(vii) We observe that it also passes through O, the point of intersection of first two 
perpendicular bisectors. 


(viii) Hence the three perpendicular bisectors of sides of AABC are concurrent at O. 


Note: Recall that the point of concurrency of the perpendicular bisectors of the sides 
_ of a triangle is called its circumcentre. 


(d) Draw medians of a given triangle and verify their concurrency 
Example 
(14) Construct a AABC in which mAB = 4.8 cm, mBC = 3.5 cm and mAC = 4 cm. 


(ii) Draw medians of AABC and verify that they are concurrent at a point within 


the triangle. By measurement:show that the medians divide each other in the | 
ratio 2: 1. 


Given 
Three sides mAB = 4.8 cm, mBC = 3.5 cm and mAC = 4 cm of a AABC. 
Required | 
(i) Construct the AABC. 
(ii) Draw its medians and verify their concurrency. 





Construction 
(i) Take mAB =4.8 cm. : 


(ii) With A as centre and mAC = 4 cmas radius draw an arc. 
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(iii) 


(iv) 
(v) 


(vi) 


With B as centre and radius mBC = 3.5 cm draw another arc which intersects | 
the first arc at C. 


Join AC and BC to get the AABC. 


Draw perpendicular bisectors of the sides AB, BC and CA of the AABC and 
mark their mid-points P, Q-and R respectively. 


Join A to the mid-point Q to get the median AQ. 


(vil) Join B to the mid-point R to have the median BR. 


(viii) The medians AQ and BR meet in the point G. 


(ix) 
(x) 


(xi) 


Now draw the third median CP. 
We observe that the third median also passes through the point of intersection 


Gof the first two medians. 


Hence the three medians of the AABC pass through the same point G. That is, 
they are concurrent at G. By measuring, AG: GQ =2: 1 etc. 


Note: Recall that the point of concurrency of the three medians of a triangle is called 
the centroid of the AABC. 


EXERCISE 17.2 


Construct the following A’s ABC. Draw the bisectors of their angles and verify 
their concurrency. 


(1) mAB = 4.5 cm, mBC =3.lcm and mCA=5.2cm 
(ii) mAB = 4.2 cm, mBC =6 cm and mCA=5.2cm 
(iii) mAB=3.6cm, mBC=4.2cm and mZB=75°. 


Construct the following A’s PQR. Draw their altitudes and show that they are 
concurrent. 


(1) mPQ = 6cm, mQR =45cm and mPR=5.5cm 

(i) MPQ=4.5cm, mQR=3.9cm and mZR=45° 

(iii) mRP=3:6cm, mZQ=30° and mZP= 105°. 

Construct the following triangles ABC. Draw the perpendicular bisectors of 


their sides and verify their concurrency. Do they meet inside the triangle? 


(i) mAB=5.3 cm, mZA = 45°, mZB = 30° 
Gi) mMBC=2.9cem, mZA=30°, mZB = 60° 
(ii) mAB=2.4cm, mAC=32cm, mZA=120° 


261 Mathematics 9 


ne 


4. Construct the following As XYZ. Draw their three medians and show that they. 
are concurrent. . 


(Gj) mYZ=41cm, mZY=60° and m/X =75° 
(i1) mXY =4.5 cm, mYZ = 3.4 cm, and mZX = 5.6 cm 


(i11) mZX = 4.3 cm, MAH 75;, and mZY =45° 
17.2. Figures with Equal Areas : | 
(i) Construct a triangle equal in area to a given quadrilateral. 


Given 
A quadrilateral ABCD. 


Required 
To construct a A equal in area to 
quadrilateral ABCD. 


Construction 
(i) Join AC. 
(ii) Through D draw DP II CA, meeting BA produced at P. 
(iii) Join PC. 

(iv) - Hence, PBC is the required triangle. 

Observe that 


As APC, ADC stand on the same base AC and between the same parallels AC 
and PD. 


Hence AAPC = AADC | ed 
AAPC + AABC = AADC + AABC or APBC = quadrilateral ABCD. 


EXERCISE 17.3 





i: (i) Construct a quadrilateral ABCD, having mAB = mAC =-5:3.cm:, 
mBC = mCD = 3.8 cm and mAD =2.8 cm. | 
(ii) On the side BC construct a A equal in area to the quadrilateral ABCD. 


2. Construct a A equal in area to the quadrilateral PQRS, having mQR = 7 cm, - 
mRS = 6 cm, mSP = 2.75 cm. mZQRS = 60°, and mZRSP = 90°. 


{Hint: 2.75 = 5 xs 


3. Construct a A equal in area to the quadrilateral ABCD, having mAB = 6 cm, 


mBC =4 cm, mAC = 7.2 cm, mZBAD = 105°, and mBD = 8 cm. 
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4. Construct a right-angled triangle equal in area to a 
given square. 





(ii) Construct a rectangle equal in area to a given triangle. 
Given | 
AABC 

Required 

To construct a rectangle equal in area 
to AABC. 
Construction 
(i) Take a AABC. 


(ii) Draw DP, the perpendicular bisector 


; of BC. 
(iii) Through the vertex A of AABC draw 





> — —— 
PAQ II BC intersecting PD at P. 
(iv) Take mPQ = mDC. 
(v) Join QandC. 
_ (vi) Hence, CDPQ is the required rectangle. 


Example 
Construct a parallelogram equal in area to a given triangle having one angle 
equal to a given angle. te E EF 
Given 
AABC and 20 
Required 


To construct a parallelogram equal in 
area to AABC and having one angle = ZO 


Construction 
(i) _ Bisect BC at D. 
Gi) Draw DE making ZCDE = 20 
eee ae a a gt 
(iii) Draw AEF Il to BC cutting DE at E. 


(iv) Cut off EF = DC. Join C and F. 
Hence, CDEF is the required parallelogram. 
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EXERCISE 17.4 


1. | Construct a A with sides 4 cm, 5 cm and 6 cm and construct a rectangle having 
its area equal to that of the A. Measure its diagonals. Are they equal? 


2. Transform an isosceles A into a rectangle. 


2 Construct a AABC such that mAB = 3 cm, mBC = 3.8 cm, mAC = 4.8 cm. 
Construct a rectangle equal in area to the AABC, and measure its sides. 


(iii) Construct a square equal in area to a given rectangle. 


Given 
A rectangle ABCD. 


Required 
To construct a square equal in area to 
rectangle ABCD. 


Construction 
(i) Produce ADtoE making mDE = mCD. 
(ii) Bisect AE at O. 


(iii) With centre O and radius OA describe a 
semi—circle. 





(iv) Produce CD to meet the semi-circle in M. 


(v) On DM as a side construct a square DFLM. 

This shall be the required square. 
Example 

Construct a square equal in area to a given triangle. 
4 


= 





Given 
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_ Required | 
To construct a square equal in area to AABC. 
Construction 
<-> _ 
G) Draw PAQII BC. 
ated . . . . tat 
(ii) Draw perpendicular bisector of BC, bisecting it at D and meeting PAQ at P. 
(iii) Draw CQ ue PQ meeting it in Q. . 
(iv) Take a line EFG and cut off EF = DP and FG = DC. 
(v) Bisect EG at O. 
(vi) With O as centre and radius = OE draw a semi-circle. 
(vii) At F draw FM | EG meeting the semi-circle at M. 
(viii) With MEF as a side, complete the required square FMNR. 
(iv) Construct a triangle of equivalent area on a base of given length. 
Given 
AABC 
Required 
To construct a triangle with base x and having area equivalent to area AABC. 





Construction 

(i) Construct the given AABC. 

(ii) Draw AD IBC. 

(iii) With B as centre and radius = x, draw an arc cutting AD in M. 
(iv) Join BM and CM. 


(v) Hence, BCM is the required triangle with base BM = x and area equivalent to. 
area AABC. | 
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| EXERCISE 17.5 
1. Construct a rectangle whose adjacent sides are 2.5 cm and 5 cm respectively. 
Construct a square having area equal to the given rectangle. 


2. Construct a square equal in area to a rectangle whose adjacent sides are 4.5 cm 
and 2.2 cm respectively. Measure the sides of the square and find its. area and 
compare with the area of the rectangle. 


3. | In Q.2 above verify by measurement that the perimeter of.the square is less than 
that of the rectangle. 


4. Construct a square equal in area to the sum of two squares having sides 3 cm 
and 4 cm respectively. 


5. Construct a A having base 3.5 cm and other two sides equal to 3.4 cm and 
3.8 cm respectively. Transform it into a square of equal area. 


6. Construct a A having base 5 cm and other sides equal to 5 cm and 6 cm. 
Construct a square equal in area to given A. 


REVIEW EXERCISE 17 
1. Fill in the following blanks to make the statement true: 
(i) The side of a right angled triangle opposite to 90° is called ...... 


(ii) The line segment joining a vertex of a triangle to the mid-point of its opposite 
side is calleda...... 


(iii) A line drawn from a vertex of a triangle which is ...... to its opposite side is 
called an altitude of the triangle. | 


(iv) The bisectors of the three angles of a triangle are ...... 


(v) The point of concurrency of the right bisectors of the three sides of the triangle 
eee from its vertices. 


(vi) Two or more triangles are said to be similar if they are equiangular and 
measures of their corresponding sides are ....... 


(vii) The altitudes of a right triangle are concurrent at the ...... of the right angle. 
2. Multiple Choice Questions. Choose the correct answer. 
(i) A triangle having two sides congruent is called ...... 


(a) scalene | (b) right angled 
(c) equilateral (d) isosceles 

(ii) . A quadrilateral having each angle equal ot 90° is called ...... 
(a) parallelogram (b) rectangle 
(c) trapezium (d) rhombus 

(iii) The right bisectors of the three sides of a triangle are ...... 
(a) congruent } (b) collinear 


(c) concurrent (d) parallel 
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OT. a altitudes of an isosceles triangle are congruent. 
(a) two (b) three 
(c) four (d) none 
(v) A point equidistant from the end points of a line-segment is on its ...... 
(a) bisector . (b) right-bisector 
(c) perpendicular (d) median 
CE) eves congruent triangles can be made by joining the mid-points of the sides of 


a triangle. 


(a) three ~ - ~  (b) four 

(c) five (d) two 
(vii) The diagonals of a parallelogram ...... each other. 

(a) bisect _ (b) trisect 

(c) bisect at right angle (d) none of these 
(viii) The medians of a triangle cut each other in the-ratio ...... 
Si gta 1 (b) 3:1 | 

(6): 225 i image ogra | 


(ix) 


(x) 


(xi) 


One angle on the base of an isosceles triangle is 30°. What is the measure of its 
vertical angle. ...... 


(a) 30° (b) 60° 

(c) 90° (d) 120° 

If the three altitudes of a triangle are congruent, then the triangle is ...... 
(a) equilateral (b) right angled 

(c) isosceles (d) acute angled 

It two medians of a triangle are congruent then the triangle will be ...... 
(a) isosceles (b) equilateral 

(c) right angled (d) acute angled 

Define the following 

(i) Incentre (ii) Circumcentre 

(111) Orthocentre (iv) Centroid 


(v) Point of concurrency 
| SUMMARY 


In this unit we learnt the construction of following figures and relevant concepts: 


M 


* 


* 


To construct a triangle, having given two sides and the included angle. 
To construct a triangle, having given one side and two of the angles. 


To construct a triangle having given two of its sides and the angle opposite to 
one of them. 
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Draw angle bisectors of a given triangle and verify their concurrency. 
Draw altitudes of a given triangle and verify their concurrency. 


Draw perpendicular bisectors of the sides of a given triangle and verify their 
concurrency. 


Draw medians of a given triangle and verify their concurrency. 
Construct a triangle equal in area to a given quadrilateral. 
Construct a rectangle equal in area to a given triangle. 
Construct a square equal in area to a given rectangle. 

Construct a triangle of equivalent area on a base of given length. 


Three or more than three lines are said to be concurrent if these pass through 
the same point and that point is called the point of concurrency. 

The point where the internal bisectors of the angles of a triangle meet is called 
incentre of a triangle. 


Circumscentre of a triangle means the point of concurrency of the three 
perpendicular bisectors of the sides of a triangle. 


Median of a triangle means a line segment Joining a vertex of a triangle to the 
midpoint of the opposite side. 


Orthocentre of a triangle means the point of concurrency of three altitudes of a 
triangle. 


ANSWERS 


EXERCISE 1.1 
Order of Ais 2-by-2, Order of B is 2-by-2, Order of C is 1-by-2, 
Order of D is 3-by-1, Order of Eis 3-by-2, Order of F is 1-by-1, 
Order of Gis 3-by-3, Order of H is 2-by-3 
A=@*Bek Beitiaivk=G 
a=—-4, b=-1.5, c=4 and d=3 


EXERCISE 1.2 
A null matrix B rowmatrix — C column matrix 
Dunit matrix E null matrix F column matrix 
(a) (iii) (iv) (viii) (b) (i) (ii) (v) (vi) (vii) (x) 
(c) (vi) (d) (i) (vii) (e) (iv). (f) (ix) 


Scalar matrices: A, E 
Unit matrices = C 
Diagonal matrices: A, B, C, D, E 


.2)-Lcd SIL alles fie 


5 
‘pl : ye eee aa t= | 3 4 


ied es 
re re 
B= | 3 s | F=|5 if 


EXERCISE 1.3 
A and E, B and D, C and F. 


pane 2 |p fsttee | 2 |. 


ae = em 
oe ta 
(i) bs _ (ii) ae a at OS 
Geopssfegta Bo"9 | Whisuh ay tage wi) |, | 
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ae: : | 
(vii) [-2 2 -4] (viii) | 3 ‘| Gx) AS 23 (6) 
0 1 ie 
gees ap deed Gi) [1 1 1] 
ag CG he ae or A 4 
a [ct A ry (v) c 2 | (vi) 
E 4 5 | ay3 34 2 2 


2 de ee 15 em 2 
Q) ee he | (il) eae com J. a=7,b=3 
EXERCISE 1.4 


3 18 
@, Gi, Gv), ~) 2. @ AB=[ 4 | 


Ay RS 
(i) [4] Gi) [3] Gi [-12]- Gv) 24] Ww) e “15 | 


yee 
| ee ios oa 9 be <a 
443 
(a) is 4 (b) (c) c 26 3 | 
—4 0 0 0 
(d) oc | (e) r ¢ 
EXERCISE 1.5 


(i) —2 (1) —8 (111) O (iv) 10 
(i) singular (ii) non-singular (iii) non-singular (iv) singular 


tari i = —5 2 
-1_ x oa 
Oe ota ie a =| 3 cd 
She Cc! d 3 e D7 a 8 —3 / 
- (ii) oes not exist (iv) oe ee ae 
(i) inverses (ii) inverses 7 
EXERCISE16 


jes 7 14. 

ifs= 2.7 =0 (11) = ay 4 (ii) x=3,y=— (iv) x=-—2, y=0 
(v) no solution (vi) x=4,y=-7 (vii) x=2,y=0 (viii) x= 4, y =2. 
15, 60 3. 18.5 cm, 15 cm 4. 49°, 49°, 82° 5. 26°, 64° 
50 km/h, 56 km/h 


REVIEW EXERCISE 1 
Gj) b (ii) c (iii) a (iv) b (vy) a (vi) © (vii) a (viii) d 


Answers 
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2. (i) null (ii) unit (iii) e aI (iv)  (v) same (vi) square 


a =\-6, b = 3. 


® 4] [4 2] w[% 3) og” 


4. (i) 
ae 


2. (i) 
(iv) 
2 @eF 


22 


— 2 
3 


ra 


EXERCISE 2.1 
1. Rational Numbers: (ii), (iv), (v), Irrational Numbers: (1), (iii), (vi). 
0.68 (ii) 4.75 | (iii) 7.125 
11.3889 (v) 0.625 (vi) 0.65789 
ai) T (ii) F (iv) T (v) F 
2/3 


4, (i) 


(ii) 


(iii) 


(iv) 


(v) 


(vi) 


aT 
72 


l. (i) 
(iii) 
(v) 


rf 
—-3 2 -1 O42 77 2 3 4 
P(—4/5) 


ei) —2- ky }.@ l ee - 


WS 
—— Re a ee 


5a 3 418) Meoi6F 
6. @) 9 G) 99 (ili) 99 


EXERCISE 2.2 
Commutative w.r.t. addition. (ii) Associative w.r.t. multiplication. 
Multiplicative Identity (iv) Trichotomy 


Commulative w.r.t. multiplication. (vi) Cancellation property of addition. 


> oe 
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(vii) Additive inverse | (viii) Multiplicative inverse 

(ix) Multiplicative property. 

Distributive, commutative, additive inverse, additive identity. 

(i) Additive Identity (ii) Distributive Property (iii) Additive Inverse 
(iv) Closure Property (v) Multiplicative Inverse 








EXERCISE 2.3 
(i) (64)! Gi) YO Git) -V7 ivy Vy? 
(i) F (ii) T (iii) F (iv) F 

5 

Gi). -5 i): 2572. Gt) MP (iv) -4 

EXERCISE 2.4 

16x 18 12 
@) eae ie SG) wg RSG 
27/3 ) sige ‘ 

(i) 2 (11) 6 (111) 25 (iv) s 

EXERCISE 2.5 


@ = Gi) -1 (iii) 1 (iv) 1 (v) -i (vi) —i 
@ 2-31 (ii) 345i (iii) i (iv) -3-4i (v) 447 (vi) 1-3 


(i) Re(Z)=1, Im(Z)=1 (ii) Re(Z) =—1, Im(Z) =2, 
(iii) Re(Z) =2, Im(Z) =-3 (iv) Re(Z) =—2, Im(Z) = -2 
(v) Re(Z)=0, Im(Z) =-3 (vi) Re(Z) = 2, Im(Z) =0 
x=3,y=-3 | 
EXERCISE 2.6 
(i) F (ii) F 7 (iii) T (iv) T: (v) F. « (vi) T.. Wii) T 


G) 94i Gi) -11-4 (ii) -1-14i (iv) 1+4i 

(i) 15-23: Gi) 2-101 (iii) -4-6/5i (iv) 12-5i 

Ree ke ae Ce 13 19. 

Q) hans. Wty! iii) 2-3: (iv) =79 - 70! 

(v) —1 + Oi (vi) oi 

(i) (a)i (B)O (c)-2% (d)1 (ii) (a)2-i (b)4 . 2i aor : 
11 oe ae 

(ili) (a)-i (b)O (c)2i (djl (iv) (a) - 544g 1b) -F (c)—= i (d)Z 
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PN 


ys 


Se FOS m 


? > 14... - ‘oo 
(i) x=73-9=B (ii) x=-1, y=0 (iti) x=-3,y=—2A 


} REVIEW EXERCISE 2 
Ga Gide Gia Gv)c Wb Wc (vii) c (viii) d 
(ix) b (x) a (xi) a (xii) c (xm) b (xiv) a (xv) c 
(i) ‘ (ii) F Gi) T (iv) F @W) T Ww re (vii) F (vii) T (ix) T 
6 1 
@ # Gi) 5x" y"™ Gil) xyz" iw) SA 455.5 (6) Vi) 7.1 
EXERCISE 3.1. 
(i) 5.7x10° Gi) 498x10’ Gi) 96x10" ~— (iv) 4.169 x 10° 
(v) 83x10° (vi) 643K 10° — (vil) 7.4K 10° — (viii) 6 x 10’ 


2.715x10° 
ix) 3.95x10- = 
ep ©) 355x107 


1 a (ii) 50,600,000,000 (iii) 0.000009018 (iv) 786,500,000 
EXERCISE 3.2 
(i) 2.3672 (ii) 1.4673 (iii) 4.5051 (iv) 1.5059 


(i) 0.4926 (ii) 2.4926. Git) 3.4926 (iv) 1.4926 
(i) 3649 (ii) 0.5530 
(i) 4 Gi) 36. (iii) 25 (iv) 1.6021 5.(i) -7 (ii) 6 


(i) 32 (ii) 5 (iti) 1 (iv) 8 (v) 81 


EXERCISE 3.3 


@ = logA+logB (ii) log 15.2—log30.5 (iii) log 21 + log 5— log 8 


a 
(iv) 3 [log 7 — log 15] (v) log 22 - 3 log 5 (vi) log 25 + log 47 — log 29 


(x+1) 
198 (x= 1) 
(i) log21x5 (ii) log = (iii) 1085 (iv) log 3° 
(i) 4 (ii) 2 


(i) 1.5050 (ii) 1.3801 (iii) 0.2615 (iv) 0.4259 = (v) 1.4771 
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- EXERCISE 34 

1 @ 11.15 G@) 2.302 — Gi) 261 (iv) 1.258 
(v) 0.0895 (vi) 0.6229 (vii) 0.9811 (viii) 0.0008778 
2. 32 3. 10units 4. 707.1 5. 27.50 
REVIEW EXERCISE 3 
1. @ec W@W b Gi) d (iv) a (Vv) b (i) a (ii) d (ill) c @&) Bb @ ce 
2. (i) 10 (um) characteristic (ii) mantissa (iv) antilogarithm (v) one (vi) 2 
3 @243 #£@)4 (iii) 1 (iv) % 
4. (i) 284.6 (ii) 1.521 (iii) 1.010 (iv) 0.04206 
5. (i) 1.6532 (ii) 0.0279 Gii) 2.6811 
6. (i) 2.942 (ii) 3.213 (iii) 4529 
EXERCISE 4.1 

1. (i) No (1) No (mi) Yes. (iv) No 


2. (i) No (i) Yes_ (ii) Yes (iv) No 


492 9 (ida b Gs (i 2 
so wt G1 MEY Ww —> Wi) ey 


(vii) 4x(x— 1) (viii) x +3x—4 
4. @OWE=3% G)-;  -1G 





A) gt ee x-15x+6 _. 
5. OFF, ay Gi) _ 0 Fx iW) 5 ) 55-3) @43y ” 9 


6 (i) -—7)Gx+2) i >—— < _, i) 1 (iv) ae * (v) =e ; 








EXERCISE 4.2 
l. @ @& +h =68 (ii) ab=2 
2. —22 3. 46 4.414 3. xy¥+yz~+Ux=40 6. 91 


7. —3421 8. 316 9. 9217 10. 18 11. 364 12. 110 
13, 234 | 


14. (i) @-y)@+ayt+y¥-1) (ii) (21-3, [42 + oo | 


15. @e+y Gi) XP -y ii) x?-y? Gv) 64x"? =1 
| EXERCISE 4,3 


1 @ YS Gi 22 Gi) Div) 2A? 
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(iii) 2a(8m — 11n) (8m + 11n) 


2 @ BB Wd V3 (iii) 3xy’z? (iv) 4 (v) 21 
3. @ V5 Wb 18/3 ~~ Gii) 15 Gv) 6/5 
4. (i) 6 (i) 8+2/15 (ii) 2 (iv) 5/3 Wx yo 
EXERCISE 4.4 
1. @) 3/4 (ii) (2 (iii) 6/6 (iv) -a (3 — 2\/5) 
vy ¥31+4 wi) 5 +43 Wii) 2-0/3 Wii) 44/15 
2. @ 3-7 95 @ 44++5- Gil) 2-13im ~Gv) 2-a/5 
(v) 5-1/7 (vi) 44-15 Wii) 746 (viii) 9 - 1/2 
3. @24+73 (Gi)-4—-/17 (iii) 4 
4. ) 5-6 Gi) 25 (iii) 0 
5) _.@)° 23,12 a a TB 2 6. a=4,b=0 
| | REVIEW EXERCISE 4 
1. (i) a (ii) d (iii) b (iv) a (V) b (vi) b (vii) d (iii) c 
2 D4 vi (x —2) (x+2) (iii) P—14+ 1x (iv) (a+ bY + (a—by 
(v) x" ui 5-2 (vi) 3 (wid) 2448 
Pay 5 Giy 47 4. (i) 6 (ii) 34 5. 65,4 
6 4 @ 2» Gi) 14 Gy) 8y3 
7. @ 25 Gi) 4 Git) 18 (iv) 8YS5. 8.0 bs Ce (ii) weer 
EXERCISE 5.1 
1. (i) 2ab(e-—2x+d) (ii) 3y(3x — 4x7 + 6y) 
(iii) —3x(xy + 1 — 3y’) (iv) Sabc(bc* — 2ab? — 4a’c) 
(v) x-y(x— 3y) Gx — Ty) (vi) 2xy*(a" + 5) (y +4) 
2. (i) (a—b) (5x—-3y) (ii) (y— 4) Gx +2) 
(iii) (x — 2y) (x? + 3y’) (iv) (x-—z) (az+y’) 
4 2 ( a b y 
3. (i) (12a4+1) G45 > 
(iii) (x + y — 72)? (iv) 3(2x — 3° 
4. (i) 3(x-5y) (x+5y) (ul) (x-y) («+ y-1) 


(iv) 3x(1 — 9x) (1 + 9x) 


275 Mathematics 9 


Gi) (x+y+3)(x-y=-3) (ii) (x-a+1)+a-1) 

(ii) 2x + y+ 1) Qx-y=l]) (iv) @y=1) a@-y-3) 

(v) (Sx — 1+ 6z) (Sx -— 1 -6z) (vi) (x +y —2z) (x -y — 2z) 
EXERCISE 5.2 | 


(i) (2-3 +1}(2-5-2] (ii) 362 + Qxy + 2y%) (2 L 2xy't 2y 
(iii) (a* + 2b* + ab) (a* + 2b? -— ab) (iv) (2x7 + 6x + 9) (2x* — 6x + 9) 


(v) (+ 3x45) (? —3x+5) (vi) (x7 + 2x4 4) (x -2x4+4) 
(i) (x +8) (x +6) . (ii) @ — 12) («-9) 
(iii) (x — 14) (x + 3) (iv) (x — 11) (x + 12) 
(i) (2x +5) (2x+1) (ii) (5x — 3) (6x + 5) 
(i11) (8x — 3) (3x —7) (iv) (5x -— 21) x +1) 
(v) (4x—y) (x-4y) (vi) (x — 13y) (3x + y) 

. A 1 1 
(vii)(Sx — 2y) (x + Ty) (viil) (sx ot 2) (Se ——* 2) 
(i) (+ 5x47) @? 45x43). Gi) -5) @H)),@= 2) 


(iii) (2 + 7x + 15) 0? + 7x +7) (iv) (@-—8) (x +7) (x-3) (4 #2) 


(v) (x? + 8x +6)(x°+ 4x +/6) . 


(i) (x4) (ii) (2e+5)? ii) (6° iv) (28 - Sy)? 

(i) (3+ 2x) (9 - 6x + 4x) (ii) (Sx — 6y) (25x7 + 30xy + 36y”) 

(iii) (4x + 3y) (16x* — 12xy + 9y*) (iv) (2x + Sy) (4x7 — 10xy + 25y’) 
EXERCISE 5.3 

(i) 4 (ii) 5 (iii) 84 Gv) -12  (v) -42 

Gy. 3, =1 | (ii) 6 


(i) (x—2) isa factor, (x — 3) is not a factor 
(ii) (x — 2), (x + 3) are factors, but (x — 4) is not a factor 


m=-—24 5. k=-1. 6. aa 2, b= 2. 

l=2,m=-2. 8. l=-l,m=2 9, a=2,b=7 
EXERCISE 5.4 | 

(x— 1) («+ 1) (-2) 2. (-—2)-4) +5) 

(x + 1) (x-— 2) (x=5) 4. (x-1)(x-2)(«+4) 


(x — 1) «%-3) &% +2) 6. (x-—2)4%+3)(*+4) 
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(x —2) (x +2) Gx-1) 8 @-1)@+1)Qr+1) 
REVIEW EXERCISE 5 

(i) b Gi) c Gi) d (iv) b (V) c (vi) c (vii) c (iii) a 

(i) («+ 2) (+3) (ii) 4(a — 2) (a+2) (iii) b* (iv) (2-2) (v) x +y 


(vi) (x—2) (x +2) (- +4) (vii) —3 
(i). (4+2y+4)@-—2y+4) Gi) 40@- 2y) (x+2y) (ii) Gx +8) (3x41) 


(iv) (1 —4z) (1+ 42+ 162’) (v) (2x-+) Coeear 
(vi) (y + 3) (2y—1) (vii) (®— 2) (x4 +2) (¢+1) 
(viii) (Smn + 1) x) (1 - 6pqy’ 

EXERCISE 6.1 
@) HCF.=13ry2 i) HCF.=17xyz : 
(i) HCF=x+2 Gi) HCF=x-3 (iii) HCF =x-1 
(iv) HCF = 6(x — 1) (v) HCF= 18x(3x-1) . 
(i) x -—3x4+2 Gi) x +x-3 (iii) x” +x =x(x + 1) 
(i) L.C.M. = 273x’y°’ Gi) L-CM. = 5610¢ry2 


Gi) LCM=(x—5) («—20)(«#+4) (ii) LCM=(¢ +2) («—2) 2-3) 
(iti) LCM = 6(x + 2y) (x4 — y’) (iv) LCM = 12(¢- 1) (x4 - 1) 











k=5 3 7. k=-2,1=6 
q(x) = 2(x* — 1) 9. 10x@— 1)? @-2) 0-9) 
k=8 © 11. 16 children 
EXERCISE 6.2 
2(x + 4) 12x 3x+ 10 —| 
x43 + Pe eee oh xe >- 23 — 2x) 
x+2 (x- 2y 
mae 7.0 eee iat 
(x +4) (x? + 2x44) y+4 “xy 
11. 
eR He — +) P96 sar 13 Pay 
EXERCISE 6.3 
: - 1 Oe ie ; 
@ Qx-3) i) x-p i) (4-2) Gv) Ga) 


) (23 | (vi) (x-2)-2] (vii) (#+3}-2| 


(viii) (x + 1) (% +2) (x +3) (ix) (x + 1) (x +7) (2x3) 
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@ (Qx+3y+4) Gi) 5446) Git) GE — -x+1) 
Gz) (4x° - —3x+2) w (2 -5+%) 


G) k=49 (i) k=12 4. (i) 1=24,m=36 (ii) 1=-60,m =-36 
G@x-3 (ii) «+3 = (iii) x=3 } 
3 REVIEW EXERCISE 6 


(i) b (Gi) a (iii) c (iv) b (v)a_ (vi) a_ (ii) a (Wii) b 
(ix) c (x) c (xi) c (xii) a (xiii) a (xiv) d (xv) b (xvi) c (xvii) b 


A(x — 2) 3. y+3 4. 3x + 5) Gt MARE 5y 
(x° — 2x + 8) + 2x? — 4x — x + 28) 6. @ 5 7a @ Wa 


+|(x+4)+5] 8. +( 245-32) 


EXERCISE 7.1 
@ {-3} wim a {2} Gy {-4} w 6-03} 
(vi) {12} (wit) {% } (viii) No solution Gx) {2} (x) {5} 
@ (0) @ (6) Gi) (52) Gy {ZF} 
(W) {-5) (i) {10} (wit @ (vit {-7} ' 


? EXERCISE 7.2 

(i) T @ F (ii) T (iv) T (v) F 
) {34} @ {5 -3} i cs 3 dy {5.5} 
(v) {2,6} (vi) 6 Wii) ~<.z} (ii {1, a 

: | EXERCISE 7.3 
() tales 5O} (ai > 2 O15 Gil} xs < iv) x<-65 
(v) x<$ : (vi) — (vii) x>-7 (viii) > 
(i) —-3<x<]1 | _ (ii) crs (iii) —22<x<26 
(iv) l<x<5 (v) i2<xs5 a (vi) -16<x<19 


(vii)-4<x<4 (viii) -8<x<3 


Answers 278 


REVIEW EXERCISE 7 _ 
l. (i) d (ii) c Git) c Gv) b We (i) d 
2. (i) T Gi) T Gi) F Gv) T (vy) T (Wi) T Wii) F (viii) T Gx) T 
4. @ o Gi) {3} 5: @ {6} Gi {12,0} 6 @ x2 12 (ii) 8>x>-2 
EXERCISE 8.1 
1. Pin II-Q, Qin III-Q, Rin EQ, S in IV-Q. 

pope pep 






ae am 
Oa eo 
be. (PC lei 





















(ii1) (iv) 


(v) (vi) 








(vii) 


(ix) 


(xi) [7 





. 










Haha e t sense 
pt te EF AGS) | 
Pers 





MASS Me Ee 
eae Se eee 
RRR o es ee 
Le HAR EE ee ool 
ppp tT | PAG] | | 
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(viii) 


(x). 


(xii) 


(xiv) 












| ter ta te ital 
Al net eee 
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3. (i) parallel to y-axis (ji) parallel to y-axis _(iii) parallel to x-axis 


(iv) neither (v) neither 
4. (a) m=-5,c=5 (b) m=5,c=1 (c) m=-—3,c=1 
(d) m=2,c=-7 ~=(e) m=2,c=-3 (f) m=2,c=-3 
5. (i) No (Gi) No (iii) No. (iv) Yes (v) No 
: EXERCISE 8.2 | 
1. (i) 4 gallons (ii) 36 litres 


BRR RES 2 
| SS BE se Sait 











OUF GA 












te | re 
veo nee 
way os es es ey me ev a a a 
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mi 
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@ Fry 
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3 (length of square) = 1 uni 


Pe 
1B 
Brim 





EXERCISE 8.3 


i. -¢1, 2. (I, 0) - S (-5.3 } 4. (0,1) 5. (1,-1) 


o 


ia 


1 
2 
3 
4. 
5 
7 
9 


REVIEW EXERCISE 8 
(i) a (11) c (in) d (iv) c (v) d (vi) a 
(i) F (i) T Gu) T (iv) T (Vv) F (vi) F (vit) T (viii) F (ix) F (x) F 
(i) {G/4,-1/4)}, Gi) {6,-2)}, Gil) {Q2, 4)} 
~ EXERCISE 9.1 
@2, .W1_. © 4O34121.07. .05 
@ 130 Gi) ¥13 Gi) 10 GW VB ™ V3 (wi V97 
EXERCISE 9.2 
The given points form an Isosceles triangle. 
The given points do not form a square. 


Triangle is not right angled. - 

The given points lie on a straight line. 

k=0 | 6. The points A, B, C are collinear. 
Triangle OAB is equilateral. , 8. Lengths of diagonals are equal. 


MNPQ is a parallelogram, IMNI = |QP! and IMQI = INPI and ZNPQ 90°. 


10. Diameter = 10 


2 


i. 


EXERCISE 9.3 
(a) (8,2) (6) (25,-6) (© 1,1) @ C43) © @G,-7.5) 
(f) (0,-2.5) 2. (13, 10) 4, 3/2 
REVIEW EXERCISE 9 
(i) d (ti) ce @ii)a (iv)c (v)c (i) b 
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2, (i) F (ii) F (iii) F (iv) T (v) T Wd) T (vii) T | 

3. i) V45 dd 6/2 ii) 5 4. (i) (5,2) Gi) 6,-6) (iii) (4, -6) 
| REVIEW EXERCISE 10 

lL @ FO wT Gi Tt “Gy F WF WF 

2. (i) mZB (ii) mZC (iii) MZL | 

A ee OS A. x=10",m=S 5.x=3cm,y=6cm,z=4cm 


EXERCISE 11.1 
r. 130°, 50°: Se 2. 140°, 140°, 40°, 40° 

EXERCISE 11.4 
L. 1.8 cm, 2.1 cm, 2.4 cm 

EXERCISE 11.5 


¥. LN = 2cm, LQ = 4 cm 


REVIEW EXERCISE 11 
1. (i) parallel/congruent (ii) equal/congruent (iii) intersect (iv) concurrent 
(v) congruent 


2. (i) = Gi) = Gii) mZ3 (iv) mZ4 3. n° =y°=75°, x°=m°= 105° 
x= 5° jnt=Zs . 5. ge B= Z 6. 4M= 125° = Z2P 
| REVIEW EXERCISE 12 
3 (i) T Gi) T Gi) F (iv) T (WF (vi) T (vii) F (vin) T 
2. (i) mOB (ii) MBQ. 4. x°=y° =30°, 2° =60° = 5. m= 12, x=6 
6. mAL = mLB =3cm, mAD=4 cm 
EXERCISE 13.1 
1. (b)20cm 3. AC (longest), AB (shortest) 


REVIEW EXERCISE 13 
1. T Gi) F Gi) T Gv) F (y) T (vi) T (ii) F (viii) T Gx) T&F 
2 9 5. 34447 


EXERCISE 14.1 
1. (i) 2.6 cm (ii) 6 cm (iii) 1.8 cm (iv) 6cm, 3.6 cm, 8 cm, 4.8 cm (v) x= 1 
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EXERCISE 14.2 


—— — 14 
(a) 5 2. mAD =4, mDB =" 


REVIEW EXERCISE 14 | 
(i) T Gi) T Git) F (iv) F () T (i) F (vii) T (viii) T (x) F (x) T 
(i) 4.6cm (ii)2cm  4.x=1 5.mMA=4.8,mAN=3.2 
x= 10cm, y=6cm 7 
EXERCISE 15.1 
15 4. (i) 48cm (ii) 672 cm” 
(i) a= 215, h=\35 , b= 221 (ii) 9cm 


100/34m 815m 9. mAD=/61 km 


REVIEW EXERCISE 15 
G)T @F (ii) T Gy) -t. (Vi 7 ea 
G@) Sm (i) 8cm (ii) 12cm (iv) lcm 


EXERCISE 16.1. 
mAD == cm 
REVIEW EXERCISE 16 
(i) T (ii) F (iii) T (iv) F - ()T. (wi) T 
(i) 18cm? Gi) 16cm? (iii) 32cm? (iv) 80cm? 
REVIEW EXERCISE 17 


(i) hypotenuse (ii) median (iii) perpendicular (iv) concurrent 
(v) equidistant (vi) proportional (vii) vertex 

(i) (d) (ii) (b) (iti) (ec) (iv) (a) «(v) () CW) ©) 

(vii) (a) (viii) (Cc) (ix) ) (x) (a) (xi) (a) 


GLOSSARY 


Matrix 

A rectangular layout or a formation of a collection of real numbers, say 0, 1, 2, 
3, 4 and 7, such as; 
oo” 8 
yr. 2 © 
Rectangular Matrix 

A matrix M is called rectangular if, the number of rows of M # the number of 
columns of M. 
Square Matrix 


A matrix M is calicd.a.dugene auetvin if the number of rows of M = the 
number of columns of M. 


Row Matrix 

A matrix M is called a row matrix if M has only one row. 
Column Matrix 

A matrix M is called a column matrix if M has only one column. 
Null or Zero Matrix 

A matrix M is called a null or zero matrix if each of its entries is 0. 
Transpose of a Matrix 

tice A be Salta Tie mts ts 2 new mela whicl i Called tremtpese of 
matrix A and is obtained by interchanging rows of A info its respective columns (or 
columns into respective rows). 
Symmetric Matrix 

A square matrix M is called symmetric if M' = M. 
Negative of a Matrix 


Let A be a matrix. Then its negative, —A is obtained by changing the signs of all 
the entries of A. 


Skew Symmetric Matrix 
A square matrix M is said to be skew symmetric if M = —M. 


4 
and then enclosed by brackets ‘[ ]’ 1s said to form a matrix 3 ; 


i a? a 
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A square matrix M of the type |0 5 O| is called a diagonal matrix of order 
Go Ge | 
3-by-3, where all the three entries a, 5, c are not zero i.e. atleast one entry is non zero. 
A diagonal matrix M is Called a sealar matrix if all of its entries in the diagonal 
are same. 
k 0 0 
For example, O k O| where the scalar k #0. 
0 Ok 
Identity Matrix 
A scalar matrix of the type 
1 00 
A=|0 1 0O| © is called a 3-by-3 identity matrix. 
00 1 
Additive Identity of a Matrix 
b 
Let a-|¢ 4 be a matrix of order 2-by-3. Then a matrix B is said to 
e 
be an additive identity of matrix A, if, 
B+A=A=A+B 
Additive Inverse of a Matrix 


Let A be a matrix of order 3-by-3. A matrix B is defined as an additive inverse 


00 0 
of Aif B+A =|0 0 0|=A+B 
00 0 


Multiplicative Identity of a Matrix 


Let A be a matrix. Another matrix B is called the identity matrix of A under 
multiplication if BA=A=AB. 


Determinant of a 2-by-2 Matrix 


Let M= 4 | be a 2-by-2 matrix. A real number A is called determinant of 


M, denoted by det M such that 
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x: 





a 


a ob 
det M = det | @ Ar =ad—be = 








Cc 


Singular Matrix 
A square matrix M is called singular if the determinant of M is equal to zero. 


Non-Singular Matrix 


A square matrix M is called non-singular if the determinant of M is not equal to 
zero (i.e., M is not singular). 


Adjoint of a Matrix 
d —+ 


ae ih, ; + i 
Given a matrix M = | @ 7 |» adjoint of M is defined by Adj M= | 4 - 


Inverse of a Matrix 

Let M be a square matrix | ¢ ai 
(1) Write adjoint of matrix M 
(2) Multiply by aa to the Adjoint (M) 


The desired inverse of M is obtained as 





7 i 
ee — Jowhere det M = ad — be #0 
dG —-OC) a 


The Set of Real Numbers 
R = union of two disjoint sets (the set of rational numbers Q and the set of 
irrational numbers Q’), ) 
6, R=QUG 
nth Root of “a” 
If n is a positive integer greater than 1 and a is a real number, then any real 
number x such that x" = a is called the nth root of a, and in symbols is written as 


im sla AF yl RE SRO ra Fal Me SE a (radical form) 
gd (exponential form) 


In the radical >\/a, the symbol «J _ is called the radical sign, n is called the 
index of the radical and the real number a under the radical sign is called the 
radicand or base. 
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Complex Number gta 

A number of the form z = a + bi where a and bare real numbers and i = =\/-1 , is 
called a complex number. | : 
Complex Conjugate | 

The numbers a + bi and a — bi are couieaaal of each other. 
Scientific Notation 

A number written in the form a x 10", where 1 < a < 10 and nis an integer, is 
called the scientific notation. 
Logarithm of a Number 

If a‘ = y then x is called the logarithm of y to the base ‘a’ and is written as 
log.y=x, wherea>0O, a#1 and y>0 
Common Logarithm or Brigg’s Logarithm 

If the base of logarithm is taken as 10 then logarithm is called Common 
Logarithm or Brigg’s Logarithm. 
Natural Logarithm 

Logarithm having base e is called Napier Logarithm or Natural Logarithm. 


Characteristic 
The integral part of the logarithm of any number is called the characteristic. 


Mantissa 
The decimal part of the logarithm of a number is called the mantissa and is 
always positive. 


Rational Expression 


The quotient P a of two polynomials p(x) and g(x), where g(x) is a non-zero 


polynomial, is called a rational expression. 


Surd | | 
An irrational radical with rational radicand is called asurd. 


Remainder Tirorem 


F “If a polynomial f(x) is divided by a linear divisor (x — a), then the remainder is 
ae | ) 
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Factor Theorem 


“The polynomial (x — a) is a factor of the polynomial /f{x) if and only if 
fia) = 0". 


Linear Equation in One Variable 
A linear equation in one variable x (occurring to the first ccatee) is an 
equation of the form 


ax +b=0, where a,be Randa#0. 
Types of Equations » 
(i) An identity is an equation that is satisfied by every number for which both 
sides are defined e.g., x+3=3+4x. 


(ii) _A conditional equation is an equation that is satisfied by at least one number 
but is not an identity. e.g.,2x+1=9. 


(iii) An inconsistent equation is an equation whose solution set is the empty set. 
e.g., x =x + 5, because no value of x satisfies it. 


Radical Equation 
When the variable in an equation occurs under a radical sign, the 2 eli is 
called a radical equation. 


Absolute Value of Real Number 
The absolute value of a real number ‘a’ denoted by lal, is defined as 


a, ifa=0 
lal = 4 
—d, ifa<0O 
Linear Inequality in One Variable 


A linear inequality in one variable x is an inequality in which the variable x 
occurs only to the first power and is of the form 


ax+b<0, a#90 
where a and b are real numbers. We may replace the symbol < by >, sor 2. 


Line Segment 
A part of a line / distinguished or separated by distinct points P and Q of / is 


said to form a line-segment of / and is denoted by PQ or QP. 
gh ERS: Q 


<< $e > 
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Coordinates of a Point 


The real numbers x, y of the ordered pair (x, y) are called coordinates of a 
point P(x, y) in a plane. The first number x is called x-coordinate (or obscissa) and 
the second number y in (x, y) is called y-coordinate (or ordinate) of the point P(x, y). 


Distance formula 
The distance between two points P(x,. v,) and Q(x, y>) in the coordinate plane 


is | d =] Ix — x)? + ly) —y,!? , where d> 0 


Collinear or Non-collinear Points 

Whenever two or more than two points happen to lie on the same straight line 
in the plane, they are called collinear points with respect to that line; otherwise they 
are called non-collinear. 
Equilateral Triangle 

If the lengths of all the three sides of a triangle are same, then the triangle is 
called an equilateral triangle. 
Isosceles Triangle 

Isosceles triangle PQR is a triangle which has two of its sides of equal length 
while the third side has a different length. 
Right Triangle 

A right triangle is that in which one of the angles has measure equal to 90°. 
Pythagoras’ Theorem 

In a right angle triangle ABC, 

[ABI = IBCI’ +ICAI’, where ZACB = 90° 


Scalene Triangle 

A triangle is called a scalene triangle if measures of all the three sides are 
different. | | 
Square : 

A square is a closed figure in the plane formed by four non-collinear points 
such that lengths of all sides are equal and measure of each angle is 90°. 
Rectangle 
: A figure formed in the plane by four non-collinear points is called a rectangle 
if, 

(i) its opposite sides are of equal measure. 

(11) its opposite sides are parallel to each other 
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(iii) the angle at each vertex is of measure of 90°. 


as : . el 


e A figure formed by four non-collinear points in the plane is called a 
parallelogram if 

ets (i) its opposite sides are of equal measure * 

(ii) its opposite sides are parallel 


Congruent Triangles _ 

Two triangles are said to be congruent (symbol =), if there exists a 
correspondence between them such that all the corresponding sides and angles are 
congruent i.e., 


AB = DE ZA=ZD 
If< BC=EF and ZB=ZE 
CA =FD ZC=ZF 
then AABC = ADEF | 
A D 
ae Pear ) 
S.A.S. Postulate 


In any corréspondence of two triangles, if two sides and their included angle of 
one triangle are congruent to the corresponding two sides and their included angle of 
the other, then the triangles are congruent. 

Right Bisector of a Line Segment 


A line Lis called a right bisector of a line segment if / is perpendicular to the 
line segment and passes through its mid-point. 


Angle Bisector 


~ Angle bisector is the ray which divides an angle into two equal parts. 
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Ratio and Proportion 
We define ratio a: ye ; as the comparison of two alike quantities a and b 
called the terms of a ratio. (Terms must be expressed i in the same units). | | 
Equality of two ratios is defined as proportion. i.e., if a: b= c : d, then a, b, c 
and d are said to be in proportion. | 
Similar Triangles 


Two (or more) triangles are called similar (symbol ~) if win are equiangular 
and measures of their corresponding sides are proportional. 


Concurrent Lines. 


Three or more than three lines are said to be concurrent, if they all pass 
through the same point. The common point is called the point of concurrency of the 
lines. / 
Incentre of a Triangle 

The internal bisectors of the angles of a triangle meet at a point called the 
Incentre of the triangle. — 

Circumcentre of a Triangle — 

The point of concurrency of the three perpendicular bisectors of the sides of a 
triangle is called the circumcentre of the triangle. 
Median of a Triangle 

A line segment joining a vertex of a triangle to the mid-point of the opposite 
side .is called a median of the triangle. | 


Altitude of a Triangle 


A line segment from a vertex of.a triangle, perpendicular to the line containing : a 


the opposite side, is called an altitude of the triangle. 
Orthocentre of a Triangle 
The point of concurrency of the three altitudes of a A is called its orthocentre. 


Mathematical Symbols 
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MATHEMATICAL SYMBOLS 
is equal to ° degree 
is not equal to thevetare 
for all 
since 


implies that 

if and only if 

such that 

is greater than 

is less than 

is not greater than 

is not less than 

is greater than or equal to 
is less than or equal to 
belongs to 

nonnegative square root 
percent 

pi 

transpose of matrix A 


_inverse of matrix A 


det A or IAI determinant of A 


Adj A 


adjoint of matrix A 


mZABC 


is perpendicular to 

is parallel to 
correspondence 

is approximately equal to 
is congruent to 

is similar to 

line AB 


line segment AB 
distance between A and B 


ray AB 
triangle ABC 
angle ABC 


measure of line segment AB 
measure of angle ABC 


SOME ALGEBRAIC FORMULAS 


(x+y =x +2xy+y 

(x+y =x 4+ 3xy+3xyr+y 
xy =(x+ y) (x-y) 

x —y=(x-y)( +2xy4+y’) 
(xtytzyraxrty? +27 4+ 2xy + 2yz+ 2 
P+y~eP-—B3xyza(xty4 DC+ytC-xy-yz—z) 
L.C.M. x H.C.F. = p(x) x q(x) 


* 
* 
* 


* 


(x-yY =x —2y+y 
(x-—yy =x —3xy43xy-y’ 
(x + y)? — (x-y) = 4xy 
r+y=(xt+y)(-x ty’) 


LAWS OF LOGARITHM 


log (mn) = log m + log.n 


log.m" =n log,m 


i log ™ ) = log,m — log,n 


* 


log.n = log,n Xx log_b 
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A 

Abscissa, 148, 167 

Absolute value, 136 
equations containing, 136 
of real numbers, 136 
properties of, 136 

Acre, 160 

Addition : 
of complex numbers, 49 
of matrices, 09 


of pure imaginary numbers, 49 


of rational expressions, 79 
of surds, 89 
of real numbers, 39 
Addition property 
for equations, 39 
for inequalities, 139 
Additive identity 
of matrices, 12 
of real numbers, 39 
Additive inverse 
for matrices, 13 
for real numbers, 40 
Algebraic expression, 76 
Angle(s), 186, 210 
Antilogarithm, 64, 66 
Area | 
of rectangle, 245 
of square, 245 
of triangle, 244 
Associative property 
for real numbers, 39 
Axiom, (congruent area), 244 


INDEX 


Axis (axes) 


of a coordinate system, 147 


B 
Base(s), 43, 45 
of a common logarithm, 59 
of a logarithm, 59, 65 
of.a natural logarithm, 65 


C 
Closure property 
for real numbers, 40 
Coefficient matrix, 32 
Common logarithm(s), 
characteristic, 60, 61, 64 
mantissa, 60, 62 
table of, 293 
Commutative property for real numbers 
under addition, 39 
under multiplication, 40 
Complex number(s), 47 
addition of, 49 | 
conjugates, 48 
division of, 50 
equality of, 48 
multiplication of, 49 
standard form (def.), 51 
subtraction of, 50 
Congruent, 244 
angles, 186, 187, 209 
triangles, 185, 186 
Conjugate of a complex number, 48 
of a surd, 91 
Continued product, 83 
Converse, 211, 214, 220, 231, 240 
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Index 


Coordinate(s), 
of a point, 148 


Of points in two space, 146, 147, 148 


Coordinate plane, 168 
Cramer’s Rule, 25 


D 
Decimal(s), 35 
nonterminating, 25, 36 
~ recurring, 36 
repeating, 36, 37 
terminating, 36 
Degree 
of a polynomial, 77, 110 
Determinant 2—by—2, 21, 285 
Distance between two points, 169 
Distance Formula, 168, 169 
Distributive property 
for real numbers, 41 
Division 
of complex numbers, 50 
of polynomials, 115, 124 
of radicals, 56 
of rational expressions, 77 
of surds, 88, 89, 90 
Double inequality, 140 
Equality of complex numbers, 48 
Equation(s), e 
addition properties of, 78 - 
equivalent, 136 
exponential, 45, 46 
multiplication properties of, 91 
radical, 44 } 
Equivalent equations, 130, 136 
Evaluating 
algebraic expressions, 81 
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Exponent(s) and radicals, 43, 44 
properties of, 44 
rational, 37 | 

Exponential equation, 45, 46 


F 
Factor(s) 
common monomial, 98, 99 
greatest common, 114, 117 


| Factor Theorem, 106— 108 


Factorization, 97— 105 
by grouping, 98, 99 
common monomials, 98, 99 
difference of two cubes, 105 
difference of two squares, 99, 100 
cubic polynomials, 110 
quadratic trinomials, 100—102 
sum of two cubes, 105 


Formula(s), 


distance, 169 
midpoint, 178 


G 
Gallon, 164 
Graph(s) 
conversion, 157 
of linear equations, 151 
of linear inequalities, 138 
of linear systems, 164 
of a number, 35, 37 


H 
Hectare, 160 


ell | 
Identity element, 
for addition of real numbers, 40 
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for multiplication of real 
numbers, 40 | 


Identity matrix, 07 
Imaginary unit, 47 
Inequalities, 138 
equivalent, 139 
linear, 138 
properties of, 139 
Integer(s), 34 
Integral exponents, 44 
Intersection 
of graphs of linear systems, 164, 165 
Inverse 
of a matrix, 13, 21 
property for real numbers, 40, 41 
Irrational number, 34, 36 


K 
Kilometre, 158, 159 


L 
Law of Trichotomy, 139 
Laws of logarithms, 65—69 | 
_ Least common multiple, 114, 116, 117 
Linear equations, 151]—155 
Linear inequalities, 138, 139 
Logarithm(s), 59, 60 
antilogarithm, 64 
base of, 59, 65 
characteristic, 61, 63 
common, 60, 63 
. common, tables, 63 
mantissa, 62 


M 
Mantissa, 62 
Matrix (Matrices), 2 
addition of, 9, 11. 


additive identity, 12 
additive inverse, 13 
adjoint, 21, 22 
column, 4, 5 
equal, 3 
method for solving syne of 
equations, 24 
multiplication of, 15 
multiplicative identity, 18 
multiplicative inverse, 21 
null, 5 
rectangular, 5 
row, 4 
order of, 3 
skew-symmetric, 6 
subtraction of, 9, 10 
square, 5 
symmetric, 6 
transpose, 5, 6 
zero, 5 
Multiplication, 
of complex numbers, 49 
of matrices, 15 | 
of pure imaginary numbers, 48 
of radicals, 44 
Multiplication properties 
of equality, 41, 42 
of inequalities, 49 
of real numbers, 42 
Multiplicative identity 
for matrices, 18 
. for real numbers, 40 
Multiplicative inverse 
for matrices, 22, 23 
for real numbers, 40, 41 


N 
Natural number(s), 34 
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Number(s) of real numbers, 39 
complex, 47, 48, 49 reflexive, 41 
imaginary, 47, 48 symmetric, 41 
integers, 34, 35 transitive, 42 
Proof(s) of 


irrational, 34, 36 
natural, 34 

pure imaginary, 47 
rational, 34, 35 


real, 34, 35 
whole, 34 
O 


Ordered pairs, 146 
Ordinate, 167 
Origin, 146, 169 


Pp 
Point(s) 
collinear, 170 
coordinates of, 148 
distance between two, 169 
non—collinear, 170 
Point of concurrency of, 206, 256 
altitudes of a triangle, 245 
angle bisectors, 245 
medians of a triangle, 205 
perp bisectors, 205 
Polynomial(s), 98 
degree, 108, 110 
division of, 107 
equation, 130 
factor theorem, 106 
factorization, 98 
Principal nth root, 43 
Properties, 
addition of inequalities, 42 


multiplication of inequalities, 139 


of equality, 41, 42 


theorem of Pythagoras, 238 
Properties of real numbers, 39, 40 
Proportion, 228 
Pure imaginary number, 47 | 
Pythagoras’s theorem, 238, 240 

Q 
Quadrant, 146, 147 


R 
Radical, 
addition of, 89 
division of, 89 
equations, 133 
multiplication of, 89 
subtraction, 89 
Radicand, 43 
Ratio, 228 
Rational expressions, 77 
addition of, 78 
multiplication of, 78 
simplification of, 78, 79 
subtraction of, 79, 80 
Rational number(s), 
expressed as a decimal, 36, 37 
Rationalizing the denominator, 91 
Real number(s), 
ordered pairs of, 146 
properties of, 39, 40, 41 
Recurring decimal, 36, 37 
Remainder Theorem, 106 
Rectangle, 150 
Right triangle(s), 173 . 


S . 
Scientific notation, 58 
Set of 
complex numbers, 47, 48 
integers, 34, 35 
irrational numbers, 34, 35 
natural numbers, 34, 35 
rational numbers, 34, 35 
Solution, 131 
extraneous, 133 
Solution set(s), 


of equations with absolute 
value, 136, 137 


of linear inequalities, 138 
of linear systems of 
equations, 24—28 
Solving inequalities, 138 
Solving systems of equations, 
by Cramer’s Rule, 25 
by graphing, 164, 165 
by matrix inversion method, 24, 25 
Square, 174 
Square matrix, 5 
Subtraction, 
of complex numbers, 50 
of matrices, 9 
of rational expressions, 79 
of surds, 89 
System of equations, 
solved by determinants, 25—28 
solved by graphing, 164, 165 


solved by matrix inversion 
method, 24, 25 
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T 
Tables and Formulas, 
Temperature, 
degrees Celcius, 161, 162 
degrees Fahrenheit, 161, 162 
Theorem, 
factor, 108 
Pythagoras, 238 | 
remainder, 106 
Transitive, 42 
property of equality, 44, 48 
property of inequality, 139, 140 
Triangle, 171, 172, 173, 174 
altitude of, 245, 246, 247, 248 
equilateral, 171 
isosceles, 172, 173 
right-angled, 173 
scalene, 171, 173, 174, 181 


W 
Whole number(s), 34, 35 


xX 
x —axis, 146, 148 


Y 
y—axis, 146, 148 


Z 
Zero of a polynomial, 108, 110 
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